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EEM 314 Signals and Systems Midterm Exam May 11, 2002

EEM 314 Signals and Systems Midterm Exam Sami Arica

QUESTIONS May 11, 2002

1. Fourier series coefficients of a periodic signah] is given as

k 2 1 0 1 2
a. —1.5-3j1.5v3 3-33v3 3 3+j3v3 —1.5+j1.5V3

Find signalx [n].

2. Find convolution sum of the following signals.

n, n=1,2,3,4
h [TL] = )
0, elsewhere

2, n=-1,0,1,2,3,4,5
x[n] =
0 elsewhere

3. Findz-Transform ofx [n] = (n + 1) a™ - w[n]. Hint: 3~ nb™' = & (n;o b").

n=0
4. Poles of system response of a causal and stable systensate the unit circle. Prove this
property.Hint: Remember that impulse response of a stable system is édgdummable.

You should also remember that ROC of a right-sided sequenmatside region of a circle.

5. Findz-Transform ofy [n] = x [2n] in terms ofz-Transform ofx [n]. Hint: Obtainy [n] in
two spets; ly; [n] = Ixm] + J(—=1)"x ], Il. y[n] = y; [2n]. First findz-Transform o

y; [n] and lateny [n]. (This question was not included in the exam questions)
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Good Luck
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EEM 314 Signals and Systems Final Exam

June 11, 2002

EEM 314 Signals and Systems Final Exam

Instructions. Answer all questions.

QUESTIONS

1. Findz-transforms of the follwing signals.

n

a)x [n] = a™u[n] b)hin]=umn]*xn] => x[k.
k=0

2. Find inverse Laplace transforms of the following Lapl&emsform.

1 1
X (s) = —a<R - .
(s) s—b+s—|—a’ a<Re{s}<b, a<b

3. Find inversez-transform of the following:-transform.
B 1 n 1
" 1l—az' 1—bz !’

X(z) lal <[zl <Ibl, laf <[b].

4. Response of an LTI system to input signal

n+1, n=0,1,2
x[n] =
0, elsewhere

05", n=0,1,2
yml =
0, elsewhere

Find response of the system for input signal

n—+1, n=0,1,2
ximl=¢ 4n—-2), n=3,4,5
0, elsewhere

Sami Arica

June 11, 2002

Good Luck.
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ANSWERS

1 1
Fp— |z > |al . b)H(Z)—]_Z_1']_

1 a)X(z) = L (> (el > 1)

2. x(t) = e “u(t) — bebu(—t).
3. xM]=a*un]—-bv™u[-n-—1].

4. xyn]=xn]+4xn—3],
05", n=0,1,2
yiml=yml+4ymn-3=4 32(05", n=3,4,5

0, elsewhere
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EEM 314 Signals and Systems Reset Exam Sami Arica

June 24, 2002

Instructions. Answer all questions.

QUESTIONS

1. Forinputx [n] = u [n], output of an LTI system is given asin] = 2 <1 — (1/2)““) u[n].

Find impulse response of the system.
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EEM 314 Signals and Systems Il Midterm Exam | - April 04, 2003

QUESTIONS

Ql)x(n)=u(n+1)—u(n—1)isinputto an LTI system described by difference equation,

y(n)—2y(n—1)=x(n) .

Find output signak (n) .
Q2)

| —

—1|n|, n=-2,—1,0,1,2
x(n) = 3

S w

, elsewhere

Findy (n) = x (n) xx (n). (* is the convolution operator)

Q3)

|
(1) , n=-2,—1,0,1,2
x(n) = 2

x(n+l-5), leZz

Find complex Fourier series coefficients of the signal.

Q4) Consider the following set of signals:

n|
o(n) = G) (i

bkm) = d(n—k), k=0,+1,4+2 +3,...

Show that an arbitrary signal can be expressed in the form,

o0

x(n) = Z agdy (n)

k=—00
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by determining an explicit expression for the coefficientin terms of the values of the signal
x (n). (Hint: what is the representation fér(n) ? )
( This question is quoted from the textbook: Oppenheim aniéskyi Signals and Systems, Pren-

tice/Hall International, Inc. )
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ANSWERS

Al) Linear and causal systems can be described by constefificent difference equations. Then,

becausea (n) =0forn < —2,

n < -2
ym) = 0
The output samples fot > —2 are
n = —I
1
y(=1) = 5y(=2)+x(-1)
= 1,
n =0
1
y(0) = Fy=1)+x(0)
1
e §~1+1
_ &
= 5
n =1
1
y(1) = 5y(0)+x(1)
1 3
== Ez‘f‘o
_ &
4
etc.
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The general form of the output is,

x(n) = un+1)—un-—1)

= dmn+1)+06(n)

2
ym) = ) x(k)x(n-—k
k=—2
= x(-2)xMM+2)+x(=)xM+1D+xO)xn)+x()x(n—1) +x2)x(n+2) .

y (n) is zero if arguments of (n — k) andx (k) are outside of the ranges,

—2>n—-k<2

—2>k<2.

Then,y (n) should be calculated for4 > n < 4. Becausex (n) = x(—n), y (n) = y (—n).

Findingy (n) forn = 0...4 will be sufficient.
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22 11 22
y(O) = 11+§§+§§+§§+11
= 3,
2 1T 2 21 2
y(=1)=y(1) = §-1+§~§+§-§—|—1~§
s
= <
1 2 2 1
y(=2)=y(@2) = g‘]‘f’g'g‘f']‘g
= 2,
2 2
y(=3)=yB) = §'1+1‘§
_ 4
= =5
Y4 =y@) = 1.1

—
.

A3) The period of signalx (n) isN = 5. Because (n) € Randx (n) =x(—n), ax = a_x.

1 2 —)Z—Hn k
ay = Z X e
1 47t
= 4+ 2 — .
70 ( cos( ) +cos< 5 k))
aQy = 0.5

a1 =a = 0.18

a,=a = 0.07 .
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A4) The representation @f(n) in terms ofp (n) is,

5(n) = ¢ (n) — 30 (n—1) .

First signalx (n) is represented by impulses and next equivalent of impulspiaced.

[e.e]

x(n) = > x(k)d(n—k)

k=—00

_ kiox(k) {¢(n—k)—%¢(n—k—n}

= Y xbm-K -7 Y x(Kdn—k-1)
k=—o0 k=—00

-y x(k)d)(n—k)—% > x(k+1)b(n—K
k=—00 k=—00

_ 5 {x(k)—%x(k%—”}‘b(n—k)
k=—00

The coefficientay in terms of the values of (n) is,

ak:x(k)—%x(k—i—ﬂ .

—DRAFT—



EEM 314 Signals and Systems Il Midterm Exam Il

May 2, 2003

EEM 314 Signals and Systems Il Midterm Exam Il - May 2, 2003

QUESTIONS

Q1) Using the known-transforms, find the inversetransform of,

242271
(1+3z(1—=z1)

1<zl <3.

X(z) =

Q2) Find the Fourier transform of the following signals imts of, X (Q) = F [x (n)].

1.y () =x"(n),

2. y(n) =nx(n).
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May 2, 2003

ANSWERS

Al) X (z) is partitioned by using partial fraction expansion,

< 1 1

The parts of the-transform are,

The inversez-transforms of the parts are,

FX (2)] = (=3)"u(-n—1) .

Then,

A2)

T 113z +1—z—‘ )
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May 2, 2003

1)

2)

Or
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X(Q) = ) x(n)el"
d%x Q) = d% Lioox(n) e ]Q“]
= Y 45 ke
— n;oox (T‘L) % [e*jﬂn}
= i x (n) [—jne "]
= —j i nx (n) e 4n
= —]Y_(Q)
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Inversez-Transform

— ¢ 2" 'dz=6(n)
asH

1 —k\ n—1
7 r(x(k)z )z dz

= —x(k) jE 2" laz
2m r

= d(n—Xk) -x(k)
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EEM 314 Signals and Systems Il Final Exam - June 13, 2003

QUESTIONS

Ql)x(n)=-2-6(n+2)+6(n—1)isinputto an LTI system described by difference equation,

y)—2yn—1)=3-xn) .

Find output signaly (n) for input signalx (n) .

Q2)

2n n=-1,0,1,2
x(n) =
xn+1-4), leZz

Find complex Fourier series coefficients of the signal.

Q3) Using the known-transforms, find the inversetransform of,

327!

X(z) =55 557"

lz| > 2.

Q4) Find Laplace transform of,

x(t) =63ty (1) .
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ANSWERS

Al)
Input Output

1

d(n) — 3<§)n-u(n)

n+2
d(n+2) — —2-3(%) ‘u(n+2)

1

n—1
dn—1) — (z) un—1)

1 1

n+2 n—1
y(n):—2-3<z) -u(n—|—2)+6(n—1)+(z) un—1)

A2) Period of the signalN = 4.

111 52k Tk

G = = |2€2 +142¢ 2 +4eITK
4|2
1 1(')“+1+2(—')“+4(—1)‘<
3|2V )
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June 13, 2003

A3)
X@ = =g -—1—  (@>20 (k> 5)
1— -z
2
s = @um-(3) w
A4)
6 — e1.79
X (t) — 671.79(2+3j)t ‘u (t)
X(s) = ] Re[s] > —3.58.

s +3.58 +5.37j’
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March 26, 2004

QUESTIONS

Q1) Find Fourier transform of

a)
—1 —1<t<0

x(t) = 1T 0<t<T
0 elsewhere
t

b)y(t) = J x(T)drt.

Q2) Find inverse Laplace transform of

1 1
X(s) = T2 s 17 Re{s} > 7

using partial fraction expansion method.

Q3)
t+1, —-1<t<0
x(t)=1< 1 0<t<«1
0 elsewhere

a) Find energy of the signal.
b) Find and ploy (t) = —2x (2 — 3t) + 2x (3t — 1).

Q4) Find trigonometric Fourier series coefficientsxdt) = |cos(tt)|.

Good Luck
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March 26, 2004

ANSWERS
Al)
a)
1
-1
1
-1
0
X(w) = J Jwtdt+Je Jotdt
1
= J lwtdt+Je Jotdt
0
= —ZJJSIn(wt) dt
0
1 1
= 2j— cos(wt)
w 0
1
= 2j— (cos(w) —1)
w
b)
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Y(w) = jEX(w)nLnX(O)é(w)
_ 2(cos(w) —1)
= =
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A2)

1/16

(s+2)(s+1/4)7
A B C

612 T Gr1m s 1ar

A = lim (s+2)X(s)

s——2

— 1/49

C = lim (s+1/4)*X(s)

s——1/4

— 1/28

B = lim 943+mexu)
s——1/4 ds

1/16

im — >
so—1/4 (s +2)
= —1/49
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d\;is) = —ty(t)
ne +11/4) o —e Yu(t)
- +1] i te VM (t)

x(t) =1/49 e 2'u (t) — 1/49 e Y4 (t) +1/28 te Y4u (t)
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A3)
a)
0 0
J (t+ 1) dt+ J (1)*dt
—1 —1
1
= J (u)?du+1
0
15
= su’| +1
3 0
_ 2
-3
b)
x(t) x(2—3t)
1
1
t
¢ 1/3 2/3 1
-1 1
x(3t—1) —2x(2—3t)+2x(3t—1)
2
1
2/3 1
" 1/3
1/3 2/3
-2
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March 26, 2004

A4)

1/2
1
dQ = 3 J cos(7tt) dt

1,2
172

1
= —sin(mt)
7T

1,2

= (sin(7t/2) 4+ sin(mt/2))

AlNal—

1/2

2
a = 7 J cos(7tt) - cos(27tkt) dt

—1,2
172

= 2 J %[cos(ﬂ + 2k) 7tt) + cos((1 — 2k) 7tt)] dt

172

2 . (TT 2 .
< n(1+2k)s'”<§“+2k)>+n(1—2k)s'”<

172

2 .
by = 7 J cos(7tt) - sin(27tkt) dt
-1/2

1/2 1/2

- J sin((1 4 2k) 7tt) dt + J sin((—1+ 2k) mt) dt

-1/2 1,2
=0

Ta—2x
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x(t) =ap+ Z ay Ccos(27kt)
k=1

—DRAFT—



EEE 314 Signals and Systems Midterm 2 Exam

April 30, 2004

QUESTIONS

Q1) Fourier transform of signal(t) is given as,

wz
: . x (t) & X(w)
Find Fourier transform of (0.5t — 2) . ( )
x(0.5t—2) & ?
Q2)
1/s

X(s) @ e 14

—5

&

a) Find system respongdé (s) of the system. b) Find differential equation which descitiee

input-output relationship of the system.

Q3) Find Fourier series coefficients of

xn]l=(Mn-2) mod5 .

Here,x mody is the reminder of integer division and is always positité. mod5 = 3, —9

mod5 = 1.

Q4)
z
(5z—2)(2z—-5)’

X(z) =-21

Find inverse z-transform using partial fraction expansrethod.

%<|z|<—
z .
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April 30, 2004

Q5)

3 =2 9 0
(L—]o 1 2 3

—1

x[n/2], n=0,F2,F4,F6,...
y; n] =x[2n] andy; [n] = .

0, otherwise

a) Find and ploty; [n] andy; [n]. b) Find and ploy [n] = 3y; [-n] — 2y, [n] .

(Take plotrangeas = —6...6).

Q6) Find Laplace transform of (t) = e 2!l .

The following questions are given as exercises.

Q7) An LTI system is described by the following differentegjuation.

dyt)  ,dy(t) _
e +4 Tt +5y (t) =x(t)
” " B : _ dy (t)
Initial conditions forx (t) = u(t) are given asy (0) = 0, and Tt

responses (t), of the system.

Q8) There is many definitions of Dirac delta function. Onehafde is,

o0

5 (x) = lim J el2mlv—aivl) gy
a—0

Let ¢ (w, t) = 2™ is basis function of Fourier transform pairs ;

= 0. Fint unit step
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x(t) = 7 J X(w)d* (w,t)dw

—00

Using definition of Dirac delta given above, prove tkdt) can be reconstructed frok(w) .
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ANSWERS

Al)

Y(w) = J x (0.5t —2) e I*tdt

—00

changing integral variablewith uw = 0.5t — 2,

t=2u-+4
dt = 2du
t=—0c0=>u=—x

t=c0o=u=00 ,

Y (w) becomes,

= 2e% J x (u) e 2% du

—00

= 2e7*X (2w)
L (1 —cos(2w))
= = .

1)
R, e l 1/s Vis)
4
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A(s) = X(s)+C(s)
C(s) = —5Y(s)—4B(s)
A(s) = s*Y(s)

B(s) = sY(s) .

Combining the equations we obtain,

s2Y (s) = X (s) —5Y (s) —4sY (s)
s2Y (s) +4sY (s) +5Y (s) = X (s) .

The system response is,

Time domain equivalent of the system is,

d?y (t)  dy(t)
dt? +4 dt

+5y (t) = x(t)

A3) Period ofx [n] isN = 5.

n 01 2 3 4
xn] 34 01 2.
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April 30, 2004

: 271k
x[nle s

2
[
l\/]»

i
o

- 8mk

3+ 4e % + eI + Ze”T)

Q=0 = G| =

(3 L 4eTF L &% 4 2ei¥>

The Fourier series coefficients,

kK 0 1 2 3 4
a 2 0.81—026) —0.31—043) —0.31+0.43j 0.81+0.26j

A4)
X(z) B 21
z  (52—2)(2z—5)
5 2
- 5z—2 2z-2°
5z 2z
X(2) = 5,37 222
T ]
B 2 - 5
1— 32*1 1— =z
= A(z)+B(z)
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1 2
Alz) = 2 ) |z| > g
1——z1
5
—1 5
B(z) = = lz| < =
1— Sz
2

A5)
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Yy [n]
2
TS5 933 Jo| 1T 23 4 5 6
—1
Y2 ]
3
2
1
U—E—SJ{—3-2-1012 4 5 6
Y1 -l
o 2
E - 12 3 4 5 6 n
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y nl]
2 2
o
“—%—4—‘§i—1o 3 4 5 6
—)
-3
0
—6
AB)
X(s) = e dtlestdt
(2 (%)
= e’testdt + J e 2testdt
A 0
— J e—Ztestdt + J e—Zte—Stdt
0 0
Je(s_z)tdt lr— Re{s} < 2
0
T 1
Je (s+2tqy — T Re{s} > —2
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11
s—2 s+2

4
= m, —2< Re{S} <2

X(s) = —
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QUESTIONS

Q1) An LTI system is described by the following differentegjuation.

d*y (t) L%

e oy () =x(t)

Find unit step response (t), of the system.

Q2) System function of a continuous-time LTI system is gigsn

1 2
H = .
&)= %+
. . 2 1—-z0 . .
Using the bilinear transforns, = T Tiz find discrete time equivalenH((z)) of the system

function and write difference equation of the discretedtisystem (the sampling peridd= 2).
Q3) Poles of transfer function of a discrete-time LTI sysismiven as0.5 + j0.25, 0.5 — j0.25,
0.25+j0.5,0.25—j0.5 and zeros of the transfer function dr6+j0.25 and1.5—j0.25. H (0) = 1.

Find the transfer function and frequency response of thiesys

Q4) Plot cascade form realization of continuous-time systgth system functiorH (s) given in

Q2.

Q5) Find trigonometric Fourier series coefficientsxdt) = 3 - |cos(ntt — 71/4)|.
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ANSWERS

A1l) Since this differential equation represents an LTleysi (t) = 0 for t < 0. Then a solution

for t > 0 should be looked for. The characteristic equation of thiedkhtial equation is,

s+4s+5=0.

The roots are-2 + j and—2 — j. Then the homogenous solution is,

yn (t) = ae?t L pel2 Tt

Because input is a constant, the particular solution is @a degree polynomial,

Yp (t) =1/5.

The complete solution is,

y(t) = yn(t)+yp (1)

= aetyppelIt L 1/5.

. .. t .
The inition conditionsy (0) = 0 and dyd—i) = 0 are used to find unknown constantsand
t=0

b. They lead to following equations,

a+b = —1/5

(—2+j)a+(—2—j)b = 0.
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Solution for these equationsis= —1/10+ 1/5j andb = —1/10 — 1/5j. Then,

yt) = (=1/104+1/5§) et 4 (—1/10—1/5j) 2t 4+ 1/5

= 1/5—2/5e?'sin(t) —1/5e*tcoqt).
As a result the unit step response the LTI sytem;

s(t)=(1/5—2/5¢ *'sin(t)— 1/5e *' coqt)) u(t) .

A2)

H(z) = H (3)|S:(1_271)/(1+751)
(z+1)°
z(3z—1)
12271 +272
3—z1

The input output relation ir-domain,

The corresponding difference equation;

3ym)—yn—1)=xn)+2x(n—1)+x(n—-2) .
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A3) The structure of transfer function of an LTI system is @or@al polynomial function;

T+biz'+byz 2+ +buz™
T+aizl—=1)+az2+---+anzM
(M—mz ) (Q=mz ") (1 —rmz )
(T=piz ) (T —paz")--- (1 —pnz")’

H(z) = A

wherepy andr, are poles and zeros respectivel.is the order of the LTI system. Hence, for
given poles and zeros the transfer function;

A-(1—(15+0.25§)z7") (1— (1.5=0.25j) z ")

Hiz) = (1—(05+0.25j)z 1) (1—(05—0.25])z 1) (1 — (0.25+0.5§)z ') (1 — (0.25—0.5§)z 1)’

Using H (0) = 1, the unknown constant is found &, = 0.0422. Then the transfer function

becomes,
_ 0.0422 —0.1266 2" +0.1055 22
 1—15z 14112522 —0.4688 23 + 0.09766 24 "

H(z)

A4)

|. Realization ofH; (s);
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May 31, 2004

Il. Realization ofH, (s);

—0.5

lll. Realization ofH (s);
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x (t) J’ J‘ y (t)

—1 —0.5

or,

x (t) J‘ J‘ y (t)
—0.5 —1

Ab) Period of cogrtt — 7t/4) is 2 sec. Period of the absolute value of the cosine decreases by half

and become$ sec. ThenT =1 sec.

aQy =

3 } cos(mtt — 7t/4) dt

—1/4
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to+T

2 2nkt
a = Jx(t)cos( ﬂT )dt

—il

to
3/4
= J cos(mtt — mt/4) cos(2mtkt) dt
—1/4
cogmk/2)
T (144K

=N

to+T

b = % J x(t)sin<2”Tkt> dt
o
3/4
= % J cos(rtt — mt/4) sin(2tk t) dt
—1/4
sin(7tk/2)
m(—1+4%2)°
:__4 Zﬂc(os(ﬂksz cos(2mkt) + Z Sln(ZTtkt)

k=
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QUESTIONS

Qla)x (t) = (1 —2Jt]) (u(t+0.5) —u(t—0.5))isgiven. Findandplog (t) = x (0.5t — 0.5)—
x (0.5t —1) —x (0.5t +0.5) + x (0.5t + 1).

Qlb)x[n] = %6 Mm+2] +6[Mn] + 26 n—2] is given. Find and ploy [n] = x[2n —2] —

x2n—4] —x2n + 2] + x[2n + 4].

Q2a) A continuous-time LTI system is described by the follayfirst order differential equation.

Ty +2y 0 =x(1) .

Find i) unit step response, ii) impulse response, of theesystnd iii) response of the system to an

arbitrary input.

Q2b) A discrete-time LTI system is described by the follogvfinst order difference equation.
yml—02ymn—1] =x[n]

Find i) unit step response, ii) impulse response, of theesystnd iii) response of the system to an

arbitrary input.

Q3) A periodic signal is given as,

sin(2mtt) —05<t<0.5
x(t) =4 0, —1<t<—05and 0.5<t<1

x(t+1-2), lez
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Find a) complex Fourier series representation, b) trigagtomFourier series representation of the

signal.

. . d? d .
Q4a) Find state-space representatlo%?gy (t) + 0.5a (t) +y (t) = x (t). Choose state vari-

dy(t)-

ables ag, (t) =y (t) andz; (t) = o

Q4b) Find state-space representationydfi] + 0.5y [n — 1] + yn — 2] = x[n]. Choose state

variables ag; [n] =y [n — 2] andz; n] =y [n —1].
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ANSWERS

Ala)

1+2t, —1/2<t<0
x(t) = 1—2t, 0<t<1/2

0, otherwise

;

1+t, -1<t<0

x(0.5t) = ¢ 1—t, 0<t<]

0, otherwise
t, O0<t<1

x(05t—05) = ¢ 2t 1<t<2

0, otherwise
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;

1—t, 1<t<L2
—x(05t—1) = ¢ t—3, 2<t<3
0, otherwise
—t—2, 2<t< -1
—x (0.5t +0.5) = t, —1<t<0
0, otherwise
3+t 3<t< -2
x(0.5t+1) = —1—t, 2<t< -1

0, otherwise

3+t 3<t< -2
—3 =2ty 2 <t < -1

t, —1<t<1
3 — 2t, T<t<2

t—3, 2<t<3

0, otherwise

Alb)
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x[n] = %6[n+2]+6[n]+26[n—2]
x2n—-2] = %6[2n]+5[2n—2]—|—26[2n—4]
—x[(2n—4] = —%5[2n—2]—6[2n—4]—25[2n—6]
xn+2) = —350n+4]—50n+2)—250n)
x2n+4] = 250+ 6+5(n+4]+25(n+2
yinl = %6[2n+6]+%6[Zn+4]+§6[2n+2]—%6[2n]+%5[2n—2]

+0[2n —4] — 26 2n — 6]

A2a)

d
M) +2y(t) =x(t).

To find impulse response first find the step response. Thei@olaf the differential equation
consists of homogenous and particular solutions. The hemmgs solution is solution of the
differential equation fox (t) = 0.

d
ayh(t) + 2yn(t) =0.

The homogenous solutionig, (t) = A - e** ands is found by solving the characteristic equation
k
s+2=0. (% is replaced by*). Hence

yn(t) =A-e .
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The particular solution is solution of the differential edjon

d
() + 24, (0 =1, t20.

Since the left hand side of the equation is constant theisalshould be a constany, (t) = B.

From the differential equation,

d
—B+2B=1, t>0.
dt i =

B = 1/2. Then the solution ig (t) =y (t) +y, (t) = A - e ? + Bu(t). The initial condition

y (0) = 0. The constanA is found from the initial value.

A+1/2 = 0

A

Hence,

is,
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The impulse response of the system is simply derivative ettt step response,

ds (t)
dt

= e tu(t) .

h(t) =

The response to an arbitrary input is just convolution betwiaput and the impulse response,

y(t) = x(t)xh(t)

A2b)

First solve the difference equation fofn] = u [n].

yn] =02ym—1]+1, n>0.
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0
0.2y[~1]+1=1
0.2y[0]+1=1+0.2

0.2y[11+1=0.2+0.2°

0.2y21+1=((140.2)4+0.2)0.2+1=14+0.2+0.2>+0.2°

1= (02)™ 71— (0.2)!
Z (0.2)" = 1—0.2 0.8

n
k=0

Hence, the step response is

The impulse response,

_1—=(0.2)"!
snl = Tu[n] .
hin] = snh]—snh—1]
= 0.2™u(n).

The response to an arbitrary input is just convolution betwiaput and the impulse response,

A3a)

yml = xnlxhmn]
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2
- = <—”) Kt
a = 5 | sin2nie 2/ at
12
0 172
= % sin(2mt) e_]”ktdtJr% J sin(27t) e I gy
_ip2 0
12 1/2
1 . 3 1 . 5
= — J sin(2rt) 7Kt qt 4 5 J sin(2mt) e 1Rt gt
0 0

1/2
= —j J sin(27tt) sin(7kt) dt

0

sin(27tt) sin(mtkt) = —% cos(m(2+k)t) + % cos(mt(2—k)t)

1/2 1/2
a = j J cos(t(2+k)t)dt —j J cos(mm(2—k)t)dt

0 0
1 1 1/2 1 1 1/2

jzmsin(n(Z—l—k)t) (y) —jimsin(ﬂ(Zka)t) (I)

msin(%t (2+k)) - msin(%t (2+k)>

typesetting of the following needs to be corrected
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1 1 : 5 1721 1 _ 5 1/2
ak:]zmsw](ﬂ( +k)t) (’) —)Emsn'](ﬂ( —|—k)t) (|)

. (T 1 . /T
:m8|n<§(2+k)>_ms'n<§(2+k)>

- #r [zlksm@g) - zlksm@gﬂ

:sin(kg)[ 4 }

it |[4—K?
= 2 sin(k%) .
t) = - jmkt
x (t) éjﬂﬁ—kz e
A3b)
— —j 2%kt
x(t)=ao+ Y 2Re|ae k"]
k=1
ap = 0
Jte] -~ Lgin(1 22
Re[ae 0 } 27Tsm<k24_kz
1< 4 . /om
x (t) = — ; 7z Sin <k§> sin (krt)
Ada)
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d?y (t) dy (t)

2o 05—y
z) (t) =y (t)
z; (1) = dyTJ(ct)
. dz611 t(t)
dzflt(t) = —0.52, (t) — 21 () + x (1)

A4b)

yml+05ym—T+ym—2]=xn]
ziinl=ym—1]

z[n]=yMn—2]

znl =z —1]

zn+11=zn]

y[n] =x[n] —0.5z; [n] — z; [n]

ziim+1] =—-0.5z; [n] — z, [n] +x[n]
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z1[m+1] B —0.5 —1 z1 ] N 1
zZ [+ 1] 1 0 z, [n] 0
z; n]
yMn] = { —0.5 —1 ] + 1x n]
z; n]
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QUESTIONS

Q1) Find Fourier transform of the following signal,

cos(mtt), —0.5<t<0.5

0, otherwise

Q2) Find Fourier transform of the following signal,

cos(mtt/2)sin(4mt), —1<t<1

0, otherwise

Q2) Find frequency response of the following system. Anawdséock diagram realization of the

system.

2
< :ftgt) + d”dit) + 2y (t) = 2x (1)

Q3) Find inverse Fourier transform of,

) :479”;(2“’) .

(Use the convolution property of Fourier transforms.)

Q4) Find complex and trigonometric Fourier series coeffitseof, a) periodic convolution of

—DRAFT—
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sin(27tt) with itself, and b) periodic convolution of

0, —1/2<t<0
x(t)=4 1, 0<t<1/2
x(t+1l), leZ

with itself. (Use the periodic convolution property of Fairseries ¢, = Toayby).)
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QUESTIONS

Qla)x(t) = (1—[t)(u(t+1)—u(t—1)) is given. Find and ploy (t) = x(2t—2) —
x(2t—4) —x(2t+ 1) +x (2t + 2).

Qlb)x[n] = %6 Mm+2] +0Mm] + 26 n—2] is given. Find and ploy [n] = x[n/2—1] —

xm/2—-2—xn/2+1]+x[n/2+2].

Q2a) A continuous-time LTI system is described by the follayfirst order differential equation.

d? d
Y (0 + 239 (1) +2y (1) = 2x (1) .

Find i) unit step response, ii) impulse response, of theesystnd iii) response of the system to an

arbitrary input.

Q2b) A discrete-time LTI system is described by the follogvfinst order difference equation.
yml—07ym—1+01ymn—-2=2xMn]—-0.7xn—1] .

Find i) unit step response, ii) impulse response, of theesystnd iii) response of the system to an

arbitrary input.

Q3) A periodic signal is given as,

X (1) = sin(%t), 1<t<1

x(t+1-2), leZ
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Find a) complex Fourier series representation, b) trigagtomFourier series representation of the

signal.

. . d? d .
Q4a) Find state-space representatlo%?gy (t) + 0.5a (t) +y (t) = x (t). Choose state vari-

dy(t)-

ables ag, (t) =y (t) andz; (t) = o

Q4b) Find state-space representationydfi] + 0.5y [n — 1] + yn — 2] = x[n]. Choose state

variablesag; n] =yn—1]andz;n] =ymn—1—-yn—2].
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QUESTIONS

Q1) Find Fourier transform of the following signal,

cos(mtt/2)sin(4mt), —1<t<1

0, otherwise

Q2) Find frequency response of the following system. Anawdoéock diagram realization of the

system.
d*y (t) dy (t) d’x (t) dx (t)
dt? +2 dt A= dt? +2 dt @

Q3) Find inverse Fourier transform of,

X (w) =2me IP (w(w+ 1) —u(w—1)) .

Q4) Letx (t) andy (t) are periodic signals with period d§. Prove that complex Fourier series

coefficients ofx (t) y (t) is,

X(t)y (t) i) Z albk,l = Qg * bk .

l=—o0

wherea, areb, are Fourier series coefficientsoft) andy (t) respectively.
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QUESTIONS

Q1) A continuous-time LTI system is described by the follogyfirst order differential equation.
d
—y (t)+ 2y (t) =2x(t) .

dt

Find a) unit step response, b) impulse response.

Q2) A periodic signal is given as,

sin(4mtt) 4+ cos(4nt), —05<t<0.5
x(t) =< 0, —1<t<—05 and 0.5<t<1
x(t+1-2), lLeZ

Find trigonometric Fourier series representation (sirce@sine form) of the signal.

2
Q3) Find state-space representation of % (t) + O.S% (t) +y (t) = x(t). Choose state vari-
d

ablesasz; (t) =y (t)andz, (t) =y (t) + T (t).

Q3) Find inverse Fourier transform of,

sir’ (w)

w?2

X(w)=4 e Iw
(Use the time shift and the convolution property of Founransforms).

Q4) System functionH (s))of an LTI causal and stable system have poles at —1 + j and

s = —1 —j and one zero at = —1. h(t) is the impulse response of the system(0") = 2
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dh (t)
dt t=0+
specify the region of convergence on the s-plane. b) Findhtipellse response of the system.

and

= —2 are given. a) Find the system function and mark pole-zeratioes and
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Answer the firsét questions. Q5, Q6, Q7 are left to you as exercises.

Exam time is 90 minutes.

QUESTIONS
Q1)
x (t)
2
1
-3 = 1 2 t
Find, a)3x (-2t +3), b) j’o x(t)dt, c©) ofo x (2t)dt, d) j’o x? (t)dt, e) ojo x? (2t) dt.

Q2) Find complex Fourier series coefficientsxdtt), (T, > T).

( T T T

Acog (=t —— <t< <

2) = cos (Tt),  —y=ts;

0, otherwise

[ i Loy

x(t) = ’ 2 - 2
Xx(t+1-T,), lez

Q3) Fourier series coefficients of a real and periodic sifprak > 0 is given as;

k 0 1 2 3 4...00
a 1 2—j 344 1-2j 0
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The period is]T, = 1 sec. Construct signal from its Fourier series.

Q4)

—T/2 1 1/2 ¢ 1/2

Find and plot convolution op (t) with g (t).

Q5) Find Fourier transform of

)5 (1),
b
Law v = aw - TP LY b
Fla(t) = Alw)
Fib(0) = B(w)
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Q6) Find Fourier transform of
1
a)x (t) = e Mt (u (1) ) a>0.

2
b)y (t) = lim x (¢)

Q7) Find complex Fourier series coefficientsxdft).

N p(t)+ijq(t),
X(t) =
\ O)
) = X (t),
x(t+1-Ty),

wherep (t) andq (t) are as in Q4.

(Sincex (—t)

Q8) The magnitude,

<t<

Ny
Nl —

otherwise

le”Z

x* (t), the Fourier series coefficients are real !).

Ay, —21B < w < 2nB
Alw) =
0, otherwise
and phase,
—m/2, w<O0
Olw)=<¢ m/2, w>0
0, otherwise

of a Fourier transform are given. Find the inverse Fo

Q9) Find the bilateral Laplace transform of

a) 5 (t),

urmgform K (w) = A (w) el® (w)).
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b)

dy(t) =— (e “u(t)), a>0.
Hint :

Q10) Find the unilateral Laplace transform of
a)x(t)=e*, a>0,

t) = —x(t).
b)y (1) = 2 x (t)

Reminding :

This property can be easily proved by employing partialgraéon method.

—DRAFT—



EEE 314 Signals and Systems Midterm Exam April 07, 2006

ANSWERS

Al)

a)x(—3t+3) = x(—(3 (t—1))). The transformation of independent variable can be done in

three steps.

Alternatively,
t+3, 3<t<-1
x(t) = 2, —1<t<]

1,  1<t<2

3(-3t+3)+9, —3<-3t+3<—1

yt) = 6, —1<-3t+3<1
3, 1<—3t+3<2
( 4
—9t+18, 2>t>3
4 2
A
1 2
3, 3St<3
= 6 %<t<4
) 2 —3
—9t+18, 3 <t<2
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b)

d)

A2)

[e.o]

| <

—00

—1 1

2
_ng(t) dt+_J;x(t) dt+J'x(t) dt

%2-2—1—2-24—1-1

7

(e}

J x (t) dt

—00

N~ N —

-1 1 2
J X% (t) dt + J X% (t) dt + sz (t) dt
-3 —1 1

%2-22+2~22+1~12

13

2t)dt = = sz (t) dt
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A3)

(e8%

A coS <Et) e ' To dt

=
—ro| —

ST

Sl

S| > >
S| o O] o o —— ] o

O

(@)

()]
e
—| 5

H.
N——

o

H.

_I_
>

o] —

O

(@]

w
VS
—| 5
(-.-
N——
O
(@)

()]
N\

|
beu

(—f-
N——

o

(—f-

1 k
cos(2m| =+ — | t]dt
e(7+7))
AT sin m AT sin m
0 To /J To
47t (—To + kT) 47t (To + kT)

sin m
_ATzk To

2 KT -T2

N+
| >
o ——N| —
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_)_ZT(t ),27Tt _].2712t
= 1+2+j)e To +2-j)eTo +3-4j)e T

2 2 2

2704 s 273

+(B3+4))eTo +(1+2j)e To +(1-2j)e T
= 1+ 4 cos(27tt) + 2 sin(27t) + 6 cos(47rt)

—8 sin(4mt) + 2 cos(67tt) + 4 sin(67t)

A4) Suppose that,

T T

A) ——<t< —

0, otherwise

a(t) = g(t)xg(t)

T 2 T T
B T— = —— i E =
- AZ(1 Tm)’ z—t—z
0, otherwise

—DRAFT—



EEE 314 Signals and Systems Midterm Exam April 07, 2006

peats = fo(eo D)oo (e D) ol T) o T)

I

|
(o]
H‘
L

|
(e
/\/\/:_\/_\
|
N N B B
N~ N N~
*
e
— /;\/‘\
_|_
Bl— -
~
_|_
(e
N
f"'
|
B
~~
*
e
N
(_F
|
I
~

-
= —a(t+ +a t)—a(t)—l—a(t—z)
= t t I
= —a + —|—a< —E
A6)
a)
e
X = Gy
b)
Y (w) =
jw
A8)

x(t) = % (cos(2mtBt) — 1)
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QUESTIONS

QL)x (t) = (1 — [t]) (w(t+ 1) —w(t— 1)) isgiven. Find and play (t) = x (2t — 2)—x (2t —4)—

x(2t+1)+x (2t + 2).

Q2) A continuous-time LTI system is described by the follogyfirst order differential equation.

> d
7Y (0 + 27y (8) + 2y (1) = 2x (1) -

Find i) unit step response, ii) impulse response, of theesystnd iii) response of the system to an

arbitrary input.

Q3) A periodic signal is given as,

(T

—t —-1<t<1

), s
x(t+1-2), leZ

Find a) complex Fourier series representation, b) trigagtomFourier series representation of the

signal.

Q4) Find inverse Fourier transform of,

X(w) =2me Y (w(w+ 1) —ulw—1)) .
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Answer all questions. Exam time is 90 minutes.

QUESTIONS

Q1) Two discrete-time signals are given:

n|amnl|bn]

-2 1 0

1| -2| —4

0 3 3

1 —1 3

2 1] -1

3 0 2
elsewhere 0 0

Find convolutionc [n] = a[n] * b [n].

Q2) A second order linear time invariant system is given as
3 1 1
ynl——-ym—1] + 3y h—2]=-xn—1]

4 4

Find impulse response of the systegn{2] =y [—1] = 0).

Q3) Find complex Fourier series coefficientsxdft).
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p(t) q(t)
A A
—T/2 t
—T/2 1/2 ¢ T/2
—A
(P +iat), —L<e<]
0, otherwise
[ i Loy
x(t) = ’ 2°- 72
x(t+1-Ty), leZ

\

whereT, > T.

Q4) Find the unilateral Laplace transform of

a)x(t)=e*, a>0,

b)y (1) = 2 x (1)

Reminding :
Y(s)=s&x(s) —x(0)

Q5) Find inverse Laplace transform of,

1
X(s) = - , Re[s] > -2

(s+2)"(s+3)

using partial fraction expansion.
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Q6) The magnitude,
Aoy, —2mB < w < 2nB

A(w)=
0, otherwise
and phase,
—mn/2, w<O0
Olw)=9 m/2, w>0

0, otherwise

of a Fourier transform are given. Find the inverse Fourimgform K (w) = A (w) el® (w)).
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ANSWERS

Al)

—1<n—-k<3 —- —T14+k<n<3+k

= al[-2]bm+2]+al-1]bn+ 1]+ a0l bn]

+a[llbn—1]+a2]bn—2]
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0, n<—-3andn>5
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A2)
il = S e e e
n—Z n— +§ n-— =7 n—
Forn < 02,
hin—2]=26n—1]—hn]+6hn—1]
n = —I
h[-3] = 26[-2] —h[-1]+6h[-2]
= 0
n = -2
h[—4] = 25[-3] —h[-2] +6h[-3]
= 0
n < 0
hin] = 0
Forn > 0,

1 3 1
h [n] :Zé[n—1]+zh[n—1]—gh[n—2]
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0

1 3 1
15 [—1] + Zh (1] — gh (2]
0

1

1 3 1

15 [0] + Zh [0] — gh [—1]
1

4

2

1 3 1

15 1] + Zh“] — gh[o]
3

8

3

1 3 1
7021+ zh 2] —2h(l]
33 11

48 8 4

1

4
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4
1 3 1
15 3] + Zh 3] — gh 2]
CI
4 4 8 8
9
64
5
1 3 1
15 [4] + Zh [4] — gh 3]
e 7 11
4 64 8 4
19
256
0
2" —1
4n
24:1u[n]
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A3)

(e8%

T2

J p(t) cos(ZT—:tkt)
0

T/2

27

—kt
J cos( T )
0

2

2
dt + —
1 *

To

2A
To

T2
2 (2
dt + A J sin (Tjkt) dt
O (o)

To

ax

A4)

b)
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Vi) = s 3T
- ¢ , Rels] >—a
s+a
Ab)
X(s) =

(s+2)*(s+3)
A B C

+ +
s+2  (s+2)?% s+3

B = lim (s +2)* X (s)
= 1
C = lim (s+3)X(s)
— 1
. d 5
A = S|Ln_12&(s+2) X (s)
d 1

lim —
s——2 dss+3

s=-2 (s +3)°
= -1
d
L[ty(t)] = —a (s)
L S
(s+2)?%  ds(s+2)
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{Re[s] > —2} ={Re[s] > -2} N {Rels] > —3}

]
e=2by (1) Ly

Tk Re[s] > -2
ety - l 50 Rels >3
te 2ty (t) oy - 12)2 , Rels] >—2

2t

AB)

1

— J A (w) e (W) jwtg,

] 0 T : 27B LTt
- J A€ JZe]wtdcxw—— J Aoe)ze)wtdw
27 27

—27B 0

2nB LTt 2nB 7T

o [ =I5 A 305
_ gaonl g8 Jwtgy 4+ 2o J &2 Wty
J 27
0 0
A 27B ( t—l—Tt) A 27B ( t—l—ﬂ>
r i (wt+ = wt+ =
. | 4 ) 2 dw+2—;Je) 2/ dw

0 0

A, .
= —— Jsm(wt)dw
T
0
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2nB
x(t) = —% Jsin(wt)dw

0
2nB

A, 1
= — - cos(wt)
Tt

0

Ao
= — (cos(2ntBt) — 1)
it
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SeatOBmIR006

Answer all questions. Exam time is 90 minutes.

QUESTIONS

Q1) A first order linear time invariant system is given as

y[n]—%y m—1l=xMn]—xMn—1]

Find impulse response of the systegi1] = 0).

Q2) Two discrete-time signals are given:

n|aMm]| bmn]

—1 —2| —4

0 3 3

1| —T 3

2 1] -1
elsewhere 0 0

Find convolutiongc [n] = a [n] * b [n].

wa :
Q3) Find complex Fourier series coefficientsxdft) = <cos(7tt) + sin (zm)) .

Q4) Find inverse Laplace transform of,

1

X(s) = Rels] > —2

(s +2) (s +3)"

using partial fraction expansion.
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Q5) Find the unilateral Laplace transformoft) = cos(2t)
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QUESTIONS

Q1) Find trigonometric Fourier series of periodic sighal

0.5—|t], -1 <t<1
x(t) =05—-[]t]], =
x(t—10-2), LeZ

Q2) Consider that (t) is an even periodic signal with fundamental perigéhind has zero average

value. Then its trigonometric Fourier series represemmat

> 2
x(t)=) a cos(kT—ﬂt)
k=1 0

Find Fourier series representation for

in terms of the series coefficientsoft).

Q3) Find Fourier transform of & (t), b)d(t—1t,), ¢) f S(t—1L-T,),

{=—00

d) eiwet,

Q4) Find inverse Fourier transform of2gd (w), b)27md (w — w,), €) ZT—H i d(w—1-w,),

0 {=—o0

d) eTwto,

Q5) System function of an LTI system is given. The poles ofsystem function are = —5j and
2

1The moduloN is denoted by = [aly, or in other waya = b ( modN ). By definition, their difference is
exactly divisible byN ((a — b) /N has no reminder). Note that> 0.

s = 5j. The system function has one zero locateslat—1. And H (0)
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a) Write the system functiohl (s). b) Write the differential equation describing the systemj.

Find the impulse response.

Q6)

A periodic signak (t) is obtained from the aperiodic signal shown in the followiiggire; x (t) =

f s(t—¢-2). Find period ofy (t) = 2x (t/3) — x (t/5).

{=—0c0

Q7) A block diagram implementation of an LTI system is givehov.

x (1) /2N
&)

»n | —

t
q: (t) @ e

—— | =

=25 3 t) 2

a) Find system function of the system. b) Write state-spgoatsons for the state variables shown
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in the figure.

Q8) The delta-dirac function is limit case of,6 (t) = Iirrz)p (t).

1 «a

The integral and derivative gf (t) ;

1 a
t) dt = ————dt
Jp() Jna2+t2

waroen( )
= —arctan[ — | .
7T a

d
dit) = —p(t
(t) dtp()
_ 2 at
 maZ+t2
Iimoof(t)l ¢ a4t =
a—0 ma? + t? N

Show that,

f(t)d(t)dt = —f(0) .
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(use partial integration method) and

[e.e]

lim J d(t) dt =
a—0

Jé’(t) dt = 0.

[e.e]

Q9) An LTI system characterized by a differential equation;

d’ d?

Y (t) + 3Ey (t) + 12%9 (t) + 10y (t) = % (1)

is given.
a) Find the impulse response (by time domain solution of tfferdntial equation). b) Find the
system response. c) For state variabtggit) = y (t) andq (t) = y (t) andqs (t) =y (t) find

state-space equations.

Q10) Trigonometric Fourier series representation of gkcisignal

1, —1/4<t<1/4
x(t) =4 0, —1/2<t<-1/4 and 1/4<t<1/2
x(t—1¢), teZ

1 2
x(t)=5-) m(—nk cos(2m(2k—1) t) .

k=

=

Plot the first2, 5 and, 10 terms of the series for1/2 <t < 1/2.
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Q11) Find trigonometric Fourier series of periodic signal,

x (t) = cos (7t) .

Q12) Find Fourier transform of,

1—t], —1<t<1
x(t) =
0, elsewhere

Q13) Find inverse Laplace transform of

s+ 2

His) = (s+3)(s2+2s+5)
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ANSWERS
Al)
x (1)
05+t | 05t
°\ /_
| | AN | —t
-2 T0:2\1 2
_] A€

2 . : . . :
T, = 2sec andw, = T—ﬂ = mtrad/sec. The one period of the signal is a triangle shapenkists

of three triangles. The area under one period is

%G<_%))z+%<1%):o

Then,ay = 0. x (t) = x (—t). x (t) is an even function. The trigonometric Fourier series dags n

contain sin termsby, = 0.

NN

0 1
a = =- J x (t)cos(k7tt) dt + -Jx(t) cos(kmt) dt
- 0

1
= 2-| x(t)cos(kmt) dt, (x(t)cos(kmt)isan even function)

—_ O

1
= 2 <% —t) cos(kmtt) dt = J (1—2t)cos(kmt) dt

employ partial integration method, let

u=1-2t,—» du=-2tdt

1T .
dv =cos(kmtt) dt, - v = s sin(k7t)
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1
1 . I 1 .
a,=(1—2t)- ﬁS|n(k7tt) | +2-J T{—ksm(kﬂt) dt
0
0

1 . 1 1 [
= sin(km) —2- vl Ecos(knt)(l)

T . 2 2
= Tk sin(k ) — 2y} cos(km) + ——
2 _— .
4 U _
T Kz <lis (k§> ' (2sin’ (6) = 1—cos(20))
Ak—1 = m) Ay =U.
x(t) = i S cos((2k — 1) mt)
o T (2k— 1) '
A2)
A
y(t) = | x(1)dr
_tp ) 2
= Z ax cos<k—7tr) dt
o k=1 g
(o) t 2
=) « J COS<k—7TT) dt
T
k=1 e
N : 27
= Z = sm(k—ot)
y (t) is an odd function. It has only sin terms and the coefficiemts= ay ﬁ

A3)
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a)
Fot)] = 5(t) et dt
0: [e%)
= 5(t) et dt+6(0) e 70 dt + J §(t) e vt dt
0o o+
= 0+5(0) dt+0
= 1
b)
Fh(t—t,)] = J 5 (t—t,) eIt dt
= 5(0) e ¥t dt = e Wt
C)
F [Z 6(t—€-T0)] = ) FB{t—¢T)
{=—oc0 {=—c0
— i e—jw-f-TO
{=—00
2T — 27
- fgégé(“‘efa)
See the footnoté

: 2 o 2 . . .
2The Fourier transform sums to zero for# k - T—ﬂ and sums to infinity for =k - T—ﬂ Using Fourier series;

o o

(e9) (o)
3 oe- § e

{=—o00 {=—o00

zZ cos((f) + 1 = Zzns(e—e-zn)
=0 =1
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d)
F [ejwot} — ejwot efjwt dt
— [ e—jt(w—wo) dt
= 210 (w — wy)
See the footnoté
A4)
a)
1 .
F 278 (w)] = — J 278 (w) et dw =1
2m
b)
1 . .
FR7s (w—w,)] = > J 278 (w — w,) &9 dw = /¥t
c)

3The integral sums to zero fav # 0 and sums to infinity forv = 0. Using Fourier transform;

J %0 do = J e %0 dx = 2715 (0)
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d)
Fledv%] = Ly e Wt @It qq
2 |
— l Oho ejw(t_to) dw
2 |
= 8(t—to)
AS5)
a)
A(s+1) A (s+1)
H == =
&) =G o5 - 2+
A 2
HOY = % =3
A = 2
b)
Y(s)  2(s+1)
X(s)  s2425
s2Y (s) +25Y(s) = 2sX(s)+2X(s)
iy + 25 (t)—Zix(t)—i—Zx(t)
a2 LT
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c)
ot 0ot 0t ot
J d—z (t) dt+25J (t) dt —ZJ i& (t)| dt +2J o (t) dt
a2 s B dt
0— 0— 0— 0—
Yy (07) =y (07)+0 =2.0 12
y'(07) =2
See*
ot d ot ot ot
J [ay (t)] dt+25J [D7'y (t)] dt ZZJ & (t) dt +2J u(t) dt
0— 0— 0— 0—
y(0") —y((07)+0 =2 +0
y (07) =2
dZ
Y (t)+25y (t) =0, fort>0

The impulse response is the solution of the differentialagign fort > 0. The characteristic

polynomial has complex conjugate roots.

y (1) = K'e P + Ket

D2y(t) = J Jy(a)dadr
D ly(t) = Jym ar
d
Dy(t) = Sy
dZ
Dy (t) = S7y(t)
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A B
=7 i3
A B - A B\ .
— e _8¥ —j5t ot g = j5t
y (t) (2 ]z)e +<2+)2)e

= Acos(5t) + Bsin(5t)

y' (t) = —5A sin(5t) + 5B cos(5t)

y (t) =2cos(5t) u(t) + % sin(5t) u(t)

A6) Fundamental period of (t) is 2 sec. Consider thak, is fundemental period af (

t+ T, t+T,
yt+T,) = 2x< —; )—x( E )

N 3 3 5 5

T,/3 andT,/5 have to be multiple o2 sec.

Q1] + W[ +

(=5 k=3=T, =230 sec.

t).

The frequencies of (t/3) andx (t/6) must be integer multiples (harmonics) of frequency ¢f).
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Then,
T
m‘T—O = g
T m 5
LT 10 3
=5 n=3 _ ] H
m=9, n= :>T—O—% z
A7)
X(U@ W (s)
N
1
s
t
a1 4———(%) v
1
s
l
—25 Ch(t) 2
X(s)—i—fW(s) = W(s)
W (s) (1+§—f) = X(s)
s2
W(s) = m (s)
%W(s)—i—éW(s) = Y(s)
2(s+1)
( = )W() = Y(s)
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Y(s) = (2(s+1)) & X(s) = 2(S+1)X(s)

s? s2+25 s2+25
_2(s+1)
i) = s2+25
b)
qi(t) = qa(t)
q2(t) = —25qi (t) +x(t)
yt) = 2q1(t)+2q2(t)
qi (t) _ 0 1 qi (t) . 0 ()
qz (t) —25 0_ qz (t) 1
t
yt) = |2 z] v
I qz (t)
A8)

Jé(t) dt = lim Jp(t) dt

a—0t
—0o0 —00

.1 t)
= |lim —arctan{ — | |
a—0*T 7T a/ _«

= Jm ~(3-(-3))

=
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o0 o0

(1) dt = lim d(t) dt
[owa-m]

J f(t)d(t)dt = lim J f(t) d(t) dt

—00

= —f(0)
A9)
a)
D3y (t) + 3Dy (t) + 12Dy (t) + 10y (t) = 9x (t)
() () () () (V)
J Dy (t) dt+3J y (1) dt+12J D'y (1) dt—|—10J D%y (t) dt = 9J D25 (t) dt
0— 0— 0— 0— 0—

y(0") =y (07)+3-0412-0410-0 = 9.0

y(0t) =0
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See®
ot 0+ 0+ 0+ 0+
J D2y (t) dt+3J Dy () dt+12J y (1) dt+1OJ D 'y(t) dt = 9J D5 (t) dt
0— 0— 0~ 0— 0—

Y (0") =y (0)+3-(y(0")—y(07))+12-0+10-0 = 9-0

y'(07) = 0
ot (\ha (\ha ot (\ha
J D3y (t) dt+3J D2y (t) dt+12J Dy (t) dt+1OJ y(t) dt = 9J & (t) dt
0~ 0— 0— 0— 0—

Yy (0N —y"(0)+3- (W (0 =y (0 ) +12- (y(0F) —y (0 )+10-0 = 9-1

y'(0") = 9
The impulse response is zero input response for,

D3y (t) +3D%y (t) + 12Dy (t) + 10y (t) =0, t>0*

y'(07) =9, y'(07)=0, y(0")=0
The characteristics polynomial,
AN 43N H120+10=(A+1) (A + 21+ 10)

The roots are); = —1, A, = —1 + 3j, andA; = —1 — 3j.

The estimated solution for real rodt, = a is K e®*. The solution for the complex conjugate roots

SIntegral of a signal is continuos if it has only finite disciomties. Leta (t) is continuous signal.b (t) =

a(t) +K-u(t)is discontinuousat=0. (b(07) =a(07), b(0")=a(0")+K).

—00

c(t)= J b(t) dt = J a(t) dt+Ktu(t).
=E©
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A =a+jbandA; =a—jbisAe* cos(bt)+ Betsin(bt). Then,

y(t)=Ke '+ Ae*cos(3t)+Be 'sin(3t)

y'(t) = —Ke'—Aet'cos(3t)—3Ae 'sin(3t)—Be 'sin(3t)+3Be ‘cos(3t)

y’(t) = Ke'—8Ae 'cos(3t)+6Ae 'sin(3t)—8Be 'sin(3t)—6Be 'cos(3t)

Employing the initial conditions we get,

K+A = 0
—-K—-—A+3B = 0

K—8A—-6B = ¢

From the first and second equatioBs= 0 is obtained. And from the first and the third equations

itis easly found thak = 1, andA = —1. The impulse response is then,

y(t) =et(1—cos(3t)) u(t) .

b)

SSY (s) + 3s2Y (s) + 12sY (s) + 10Y (s) = 9X(s)

Y (s) 9
 X(s)  s3+3s2+12s+10
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C)q: (t) =y (t)andq; (t) =y (t) andqgs (t) =y (t). Then,

qi(t) = q2(t)

Q) = qs(t)

From the differential equation,

qs (t) +3qg3 (t) +12q2 (t) + 10q; (t) = 9x (t)

qs (t) = —3qs (t) — 1292 (t) = 10q; (t) + x (t)

qi (t) 0 1 0 qi (t) 0
q: (t) = 0 0 1 | qat) [T 0| x(t)
qs (t) ~10 —12 -3 qs (t) 1
qi (t)
yit) = {1 0 o]- qz (t)
qs (t)
A10) ()
yﬁwMQQ -—n=2
-n=>5
—n=10
L /A A 4 t
—0.5 0.5
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A11)

x(t) = cog (mt)

1 1
= 3 + 5 cos(2mt)

N =

The period ofx (t) is T, = 1sec. The trigonometric Fourier series coefficients of @ye=

1
a :z,andak:Ofork:Z,fa,...,oo.

Al2) p(t)

—1.0-0.5 0.5 —1 1 —1 1

and

Then,
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1/2

P(w) = J e vt dt
—1/2
1/2

=2 J cos(wt) dt = % sin <8)

A13)

H(s) = s+ 2 . s+2
C (s+3)(s24+2s+5) (s+3)(s+1—-2j)(s+1+2j)
A N B N C
s+3 s+1-2 s+1+2j
—1/8 1/16—(3/16)j 1/16+(3/16)j
+ . .
s+3 s+1—2j s+14+2j

w

i

T

&K
= &=
RN

N o

»

1

L,

|
&
—_—
(o))
_|_

—_—
(o))

The inverse Laplace transform;

Lt 1 3.\ (—1+2)t T 3.\ G-t
h(t)——ge u(t)+<16 16))6 u(t)+ +—je u(t)
1 1 .
= —ge_3tu (t) + ge‘t (cos(2t) +3sin(2t)) u (t) .
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QUESTIONS

Q1) Find the Fourier transform of ;

a)
2, —1<t<0
x(t)=4¢ -1, 0<t<2
0, elsewhere
b)

2642, —1<t<0
yt)=4q¢ —t+2, 0<t<2

0, elsewhere

Q2) Find the trigonometric Fourier series coefficients of;

sin(2mt), —<ti< 7

y(t+e-2), tez

Q3) Find inverse Laplace transform of

a)

b)
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Q4) A block diagram implementation of an LTI system is givehov.

x (t) N 2\ y (t)
\&J &

» | =

»n | =

—25 qi (1) 2

a) Find system function of the system. b) Write state-spgoattons for the state variables shown

in the figure.

Q5) An LTI system characterized by a differential equation;

d? d
T2V (V) + 25y (1) +10y (1) = 9x (1)

is given.
a) Find the impulse response (by time domain solution of ifferdntial equation). b) Find the

system response.
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ANSWERS

Al)

0 2
X(w) = J 2. ewt dt+J (=1) - e7*tdt
= 0

. T = e_jwt
jw 1 jw

2 2 ., 1
S —" = — :
jw  Jw jw jw
: 2 : , I : :
— ojw/2 jw/2 _ o—jw/2 —jw —jo _ Gjw
e o (e e?) +e — (e )

0

. 1

4 2
= %2 _ sin(w/2) —e ¥ = sin(w)
jw i

_ 5 w2 sin(w/2) P sin(w)
w/2 w

b)

Y (w) :;X(w)—l—nX(O) d(w)
jw
X(0)=0
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The signal is an odd function. The Fourier series does ndagodc and cos terms.

1/2
by = J sin(27t) sin(k7tt) dt

1,2
1/2 172

1 1
=— J cos((2+ k) 7t) dt + 3 J cos((2 —k) 7t) dt
—1/2 —1/2

1 1 1/2 12
= — ———sin((2+ k) mtt)

1 1 :
SETrIRY + = ———— sin((2 — k) mtt)

2m(2—Kk)

1,2 1,2

1 a 1 wa
- 1 in kT 1 in k7
AT (7)+ms' (7)

B 4 . (kT
B e (7)

4 (1)

sin((2¢—1) tt)
- 71(4—(22—1)2) | "

A3)

1 A B C

(s+2)(s2+9) s—|—2+s+j3+s—j3

1 1
A= Ilim (s+2) = —

s—o—2 (s+2)(s?+9) 1
B= lim (s+j3) 1 = lim 1 = 1
T T G219 T = (512 (s—j3)  18—j12
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. 1
C=bF =%5n

Rl %e_2t+18—j12 _]'3t+18J1j1zej3t
:%e_2t+1gg,_17)-2 3t %3%2@“
= %e_“ﬂtﬁ (3+32) e—i3f+6% (3—j2) 8t
_%e—2t+% (cos(3t)+§ sin(3t)), t>0.
b)
R
(s+2)(s2+9) dt (s+2)(s2+9)
h(t):—%e_“nt%(—3Sin(3t)+2005(3t)), t>0.
A4)

—DRAFT—



EEE 314 Signals and Systems Final Exam

June 07, 2007

x (1) ) As) ) y (t)

qz (t) 5 CZ)

—25 qi (t) 2
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b)
qi (t) = q2 (1)
qz (t) =—=25q; (t) +x (t)
y(t)=—25q1(t) +x(t)+2q2(t)+2q; (t)
=—23q:(t)+2q,(t) +x(t)
Ab)

D?y(t)+2Dy(t)+ 10y (t) = 9x (1)

Dy(t)+2y(t)+10D 'y () =9D " x(t)

0+

o+ 0+ ot
J Dy (t)] dt+2 J y (t) dt +10 J D'y (t)] dt=9 J [D'5(t)] dt
0~ 0— 0~ 0—

y(0") -y (0 )+2-0+10-0=9-0

y(07) =0
o+ 0+ o+ o+
J [D?y (t)] dt+2 J Dy (t)] dt + 10 J y(t) dt =9 J & (t) dt
0— 0— 0— 0~

y (0N =y (07)+2-0+10-0=9-1

Yy (07) =9
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d? d
—y(t)+2—y(t)+ 10y (t) =0, t>0.
dt? dt

AN 4+2A+10=0

Ala=—1+33

y(t) = Ael1Ht 4 B el

Y (t)=A (=14j3) e LB (=1 —33) eI

y(0")=A+B =0

Y (0F)=A (=14+j3)+B (=1—j3) = 9

A+B=0

~A+B=j3

=3e'sin(3t), t>0.
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QUESTIONS

Q1) Find Fourier transform of the following continuous tisignal.

1 1 1
Jte‘“ dt+J et dt = —e?* — —e'+ —
a a a

1 . 1
Jtcos(at+b) dt:tES|n(at+b)+Ecos(at+b)+c

Q2) Find complex Fourier series of the following periodigrsal derived from the signal given in

Q1.
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Q3) Find convolution of

with itself.

1, 0<A<t

0, otherwise

—DRAFT—



EEE 314 Signals and Systems Midterm Exam May 08, 2009

t
z(t) = e‘”Jd)\, t>0
0

z(t) =te " u(t)

Q4) Plot one sided discrete magnitude and phase spectruma fafilowing signal A cos(27t- f -t + )

represents an oscillation ardis the magnitude and is the phase of this oscillation).

x(t)=1+2cos(2nt + m/3) +3/2 cos(4nt + 2m/3) — 1/2 cos(émt) .

mag. A phase (rad.

freq. (Hz) N { f freq. (Hz)

Q5) Fourier transform of a continuous time signal is given as

1—jw
(1+jw) (B+jw)

X(w) =

Find inverse Fourier transform of the signal by employingipéfraction expension method. Note

that

Fleu(t)] = for a>0,
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and
a-+s a—b 1 a—c 1

(b+s)(c+s) c—b b+s+b—c c+s’

The following equation is obtained by multiplying Eq/ ) by minus :

—a—s b—a 1 c—a |1

(b+s)(c+s) c—b b+s+b—c c+s’

Comparing this withX (w) it is seen that :

Therefore partial fraction expansion ¥f w) is

1—jw A
(T+jw) B3 +jw) T+jw 3+jw’

Q6) Generate a discrete time signal by sampling the follgva@iontinious time signal. The sam-

pling rate isT; = 0.5 sec.
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x [n]
1 0.75
X 05 [
I f ! I
xm] = x(n-Ty)
= x(2-n).

Q7) Test the linearity and causality of the following syssem

a)

SO+ 2y (0 =x(0),

x (t) is input andy (t) is output.
b)

ym—1]+=-yn]j=x[Mn].

x [n] is input andy [n] is output.

A linear system has to satisfy the following property:

Input Output
X1 — Y1
X2 — Y2

axi+px; — ayr+PRY:2

If initials values of an differentiation equation (differee equation in discrete time case) are zero
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the homogenous solution of the differential equation i®zdihis means the response is zero for
t < 0. So the system described by the differential equation isalaun other case when the dif-
ferential equation has non-zero initial values causalitylve violated. The linearity will also be
failed. Because the differential equation response wittdraposed of particular solution (a linear

time invariant and casual system response to the impti) and homogenous solution.

Q8) Can the following Fourier series representation of @oper signal converge ? Why ?

x(t) =1 +Z1 m cos(2mnt) .

= 1

Z nn+1) -

n=11

31—
|
H-

3
I

M8
3| —v—N

I
M

|

Me S
3

+\—

3
I
3
N

I
M8
2] =
|

M8
3=

Il

— 3
I
i
N

Q9) The unit step function can be considered as limi df* u (t):

u(t) = lim e “tu(t) .

a—0+

a) Using this property find the Fourier transforbh (w)) of u (t). What is

lim U(w)= =2

w—0
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b) The following relation

w(t)=1—u(-t),

yields
U(w)+U(—w) =271 (w) .

The above result shows that the Fourier transform of unjit &tection should be

Find A (w).

Q10) Find

a) the Fourier transform df (t) ande/?/Te) kt,

b) and the inverse Fourier transforméfw) andd (w — (27t/T,) k).

Q11) Does Fourier transform of

exist ? Find,

—DRAFT—



EEE 314 Signals and Systems Midterm Exam

May 08, 2009

b)
J x (t)] dt
Q12) Does Fourier transform of
x[n] = 1

1+n
exist ? Find,
a)

D Ixnl
b)

> kml?

Q13) Find impulse response of the following system.

"

y (1) +2y (t) +5y (t) =x(t) .

Q14) Find complex Fourier series of the following periodgnsl.

—cos(mtt),
x(t) =
x(t+14),

0<t<1,

LeZ.
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QUESTIONS

Q1) Frequency response of a linear time invariant and casusinuous-time system is given as

follows:
1

w)+2jw+5

H(w) =

a) Find the corresponding differential equation of the iy response. (10p)
b) Find the impulse response of the system by calculatingrg®/Fourier transform of the fre-

guency response. (15p)

|G +2jw +5 ] ¥ (@) = X ()

()2 Y (w) 4+ 2jwY (w) + 5Y (w) = X (w)

y” (1) + 2y’ (t) +5y (t) =x (1) .
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b) H (w) is partitioned as follows.

1

H(w) = Y. .
Gw) +2jw+5
1
T (jw+1+2)) w+1-2j)
B A N B
S jwH+14+2 jw4+1-2j
A= lim (w+1+2j) H(w)
jw——1-2j

1 1

= lm — =——
jw—o—1-2 jw +1—2j 4j

B= lim (jw-+1-2j) H(w)
jw——1+42j
1 1

im & ———m— =—

T e jw 1412 4

025 025
w142 jw+1-2j

H(w)

h(t) = 0.25] e Pt 1 (1) — 0.25j e ()
=e ' [0.25] e 7' —0.25j e¥'] u(t)

|
:Ze sin(t) w(t) .

Q2) Complex Fourier series coefficients of a periodic sigmiéh period of2 sec. are given as

—DRAFT—



EEE 314 Signals and Systems Final Exam May 25, 2009

follows:

ap = —1, a; =1 a,=1

Find the periodic signal. (20p)

2m () 2m 2n 2 ).
x(t) =a_,em Dt jeTo N fap+ qre™ b+ qpeTo 2t

=05j-e 2™t 1. e ™ 141" — 0.5 ¥t

= —1+ 2cos(7tt) + sin(2mrt) .
Q3) Step response of a linear time invariant system is gigenliows:

s(t) =e'sin(t)-u(t) — % cos(t) .

a) Is the system stable ? Why ?

b) Is the system causal ? Why ?

a) tl_lglo s (t) — oo. System is unstable. (7.5p)

b) Input is zero fort < 0 but outputs (t) = —1 cos(t) #0 for t < 0. System is non-causal.

2
(7.5p)
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Q4) Find complex Fourier series coefficients (not the trayoetric Fourier series coefficients) of

the following periodic signal: (20p)

1
1, 0<t<§
1
x(t) =4 -1, —— <t<0
2
x(t+40), teZ.

a = — J e 7™ dt + J e 7™ dt
—1/2 0
1/2 1/2

0 0

1/2
y_ J (_ejZHkt+e—j2nkt) dt
0

1/2
ax = —2j J sin(2mtkt) dt
0

2 1/2
- — 2
e cos(2mkt)

0

1
= J7T—k (1 — cos(mk))

= )

CLZk:O, ke Z.
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Q5) A linear time invariant system is described by the follagvconstant coefficient linear differ-
ential equation.

y () +2yt)=x(t) .

a) Find impulse response of the system by solving the difteabequation in time domain. (10p)

b) Find the response for the input (15p)

a)
o+ ot ot
J y' () dt+2J y(t) dt = J d(t) dt
0— 0— 0~
0+ 0+
y(t) +2-0=u(t)
0— 0—
y(0") —y(07) =u(0") —u(0)
u(07) =0and,y (0~) = 0 since the system is causal. Therefore,

y(0") =1.

The characteristic equation of the differential equat®(then th derivative ofy (t) : y™ (t) is
replaced byD™):
D+2=0
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The root of the characteristic equatiolds= —2. The homogenous solution of the system is then

y(t) = Ae ™, t>0.

From the initial condition unknown constaftis found:

y0H) =A =1.

The impulse response of the system is

b)

—DRAFT—
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Q6) Find the Fourier transform of

e (aHPt (1) .

Does the signal have Fourier transform foralEe R. If not, what is the interval o& € R where
Fourier transform exist ? Where complex number—jb falls in the comlex plane for this interval

of a.

Q7)
a) Does inverse Fourier transform®fw — w, ) exist ? If yes, find the inverse Fourier transform.

b) Using the result above find Fourier transform of

o0
227
=Tkt
E e’ .
k=—c0

Q8) Find Fourier transform of

Yy (t) = x(t) cos(w,t)

interms ofX (w) = F [x (t)]. For

A
A+ —t, —wi<t<O
W1
A
1
0, otherwise

plotY (w).
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X(w)

Q9) Find complex Fourier series of the following periodigiafse train.
x(t):ié(t—e-To), leZ.
—
Q10) Find step response of the following system.
y () +ayt)=y(t).

You don’t need to calculatg (0"). Only an impulse can impose initial valuestat 0*.

J F(1)8(t—t,) dt = f(t,)

—00

Fle ety ()]
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o0 o0

J 5(t)etdt =1, J ¢t dw = 275 (1)
cos(a) = 1e’j“+1e1“
2 2
1 . 1 .
i — o L
sin(«) 2je +2je
Im

vl . a +]b
|
|
I
I
I
1
I
I
|
! Re
a

Complex plane
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QUESTIONS
Q1)
a) Find Fourier transform of the above sigrn@b p).
x (t)
1l
—1
: 1 t
...... —1

b) A periodic signaly (t) is generated from aperiodic signalt);

yt) =) x(t—t-2).
{=—00

Find the complex Fourier series coefficients of this signakmploying the Fourier transform
obtained in Q145 p).
Supplementary:

1 1
[ teut dt _ _teu’f o _leut + C

Q2)
a) Find inverse Fourier transform of the following Fourigartsform by using partial fraction ex-

pansion method 10 p).

Hint: Y (w) € R. ThereforeY (w) = X (w) + X* (w). For real signalsF [x (—t)] = X* (w).

b) Find the Fourier transform of
2

2=

by using duality property of the Fourier transfor{hO p).
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Supplementary:

The duality property:

eu(t) s —— . a<0.
—a+jw

Q3) Find impulse response of the following causal LTI systeintegrating both side twice and
once in the interval of0—, 0*] yields initial conditionsy’ (0") = 1 andy (07) = 0. a > 0 and
b > 0. Solve the problem in time domain.

a)y” (t) + (a +b)y (t) + aby (t) = x (t) (10p).

b)y” (t) + 2ay’ (t) + (a® + b?) y (t) = x (t) (10 p).

Supplementary:

Euler’s Identity

e® = cos(0) +j sin(0)

Q4) Find convolution of the above signal&0 p).

x (t) h(t)
—1 1 t —1 1 t
Hint: Evaluate the convolution integral for the intervdlst < —2,Il. -2 <t < 0, 1ll. 0 <t < 2,

V. t > 2.
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Q5) Transfer function of a causal LTI system is given as feitg. a) Find Poles, zeros and ROC
of H (s). Show poles, zeros and ROC in the s-plaii® p). b) Find the impulse response of the

system by using partial fraction expansion meth@a@ p).

B s+2
(s+3)(s+4)°
Supplementary:
1
at . A
L [e u(tﬂ = 4t ROC= Rejs] > a
L [te‘“u (t)} = ] -, ROC=Re[s] >a
(—a+s)
Q6) The following causal LTI system is given.
_|_
(¥) A
N\
X(s) E(s) Y (s)
B (s)
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1
a
S

N

a
Fora =1,
a) find the transfer function of the system.

b) find the impulse response of the system.

c) Check the stability. Is system stable ?

Q7) A causal LTI system is given as following

2y" (1) + 10y’ (t) + 12y (t) = 2x" (t) + 3x (1)

a) Find the transfer function of the system.
b) Use partial fraction expansion method to find the inveiggldce transform of the transfer func-

tion and consequently impulse response of the system.

Q8) A causal LTI system is given as following

aoy” (t) + ary’ (t) + ayy (t) = bx (1)

New variables which are called as state variable can be gitkas below

zi(t) = y(t)

z(t) = yt) =z ()
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The derivative ok, (t) can be extracted from the differential equation

a0z, (t) + a1z (t) + axzy (t) = bx (t)

a a b
Z)(t) = —a—;zZ (t) — a—Zm (B + x (1

zy (t) 0 1 z; (t) 0
= a ar |- +lp X (1)
40 |2 -2 a0 |

The modest form is

Z' (t) =A-z(t) +bx(t)

This equation is known as state equation and malris called as state-transition matrix. The

solution of this vector differential equation is

o+

z(t) = etz (t,) + e | ebx (A) dA

to

Here, et is the matrix exponential. The matrix exponential is a xdtrnction on square matrices:

(e}

ATI
At __ R !
€ _Z n!t

n=0

Find the state variables for the constamts=1, a; = 3, a, = 2, andb = 1.

Q8)The following signal

x (t) = cos(2mt) + cos(47t) + cos(6mt)
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is input to a filter with a frequency responsetaff). The values of the frequency response at

f=1,f=2,andf = 3 Hz are

H(1) = 1.7
1

H(Z) = g‘e_]ﬂ/z
1

H(3) = 5-6_13”/4

a) Find the Fourier transform af(t).

b) Find the outputy (t) of the filter by using the convolution property of the Foutiemsform.
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ANSWERS

Al)

— Esin(w)

(w cos(w) —sin(w))

‘N
NU-

b) Since the periodic signal is generated from the aperigigical the complex Fourier series co-

efficients can be obtained from the Fourier transform of theriadic signal.

T, = 2
271
—k = 7wk
1 n
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1
ay = EX (T(k)

1 1 .
= _jn—k cos(mtk) + 1712—k2 sin(7mrk)
.7tk cos(mtk) — sin(7k)
72 k?

The above equation gives coefficients for lalle Z. It can be further simplified by replacing
cos(k) = (—1)* and sin(mk) = 0. Notice thata, = g whenk = 0, therefore undefined.
Actually asy (t) is an odd signal we know that, = 0. Applying L'Hospital’s rule we can find
this. But be carefulgy is a discrete function of integér, not a a function of a continuous variable.
Hence simplifications is valid for discretebut limit is defined for continuous variables and we
may not obtain true value af, after simplifications. A a result, we separatgfrom the simplified
version ofay.

1

—jﬂ—k(—nk, ke Z—{0}

0, k=0

Ay =

A2)

a) TheY (w) can be partitioned into partial fractions as below.

2
Y - =
(w) 1+ w?
A B
= ——+—
I—jw  T4+jw
A = |lm (1—jw) = lim 2 =1
o ) T4+ w?2 oo T+jw B
. ) 2 .
B = jul,anq ”—Hw)1+w2 - jul;anq T—jw 1
1 1
Y(w)

:1—jw+1—|—jw
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F! []_:jw} = e ‘u(t)

a {1_1]-(0} -7 [( ;jwﬂ = Ll

Therefore,

yt) = etu(t) +eu(—t)

b) Here,

w—t = ]+t2

We can utilize the duality property to find the Fourier tramef of z (t).

Z(w)=2nly)],_, , = 27!

A3) The impulse response, as it appears in its name, is respoiise impulse at the input. Im-

pulse is exerted at time= 0 and disappears aftet - 0). Since the system is causal the output

(response) is zero fdr < 0. The response for > 0 need to be computed and can be found by

solving the homogenous differential equation (respongeito input).
a)
y'(t)+(a+b)y +aby(t)=0, t>0

The characteristic equation is

D?’+ (a+b)D+ab =0
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The roots of the characteristic equation

(D+a)(D+b) = 0
D] = —a

D, = —b

Then the solution is

y(t) = Crel1t + CreP2t = Cre @ + Cre ™

The unknown coefficients are found from the initial valuepased by the impulse at= 0"

y(t) = Ce ™+ Ce ™

Yy (t) = —aCie ™ —bCre™

y(0) = G+C =0

y,(0+) = —ClC1 —bCz =1
1
C; =
1 —a+b
1
C, =
: a—D>b
Finally we get,
o 1 —at —bt
y(t) = e ut)+ —pe )
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b) The same steps are repeated to find the impulse response.
Y’ (t) +2ay”’+ (a®+ b))y () =0, t>0

The characteristic equation is

D?+2aD + (a’ +b?) =0

The roots of the characteristic equation

(D+a+jb)(D+a—jb) = 0
D] = —a—)b

Dz = —a+)b

Then the solution is
y (t) = C1eP1t + CreP2t = Crel7a Wt 4 Cpel-ativit
The unknown coefficients are found from the initial valuepased by the impulse at=0".
y(t) = CyeleTPt C elativit

Y (t) = (—a—jb)Ce eIt 4 (—a +jb) Crel-aHt

y(0+) = CG+C =0

Yy (07) = (—a—jb)Ci+(—a+jb)C; =1
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C; = 7
1
C, = 0
Replace the coefficients in(t)
= LENE T —asjbie
yt) = ~3p j +2Tbe j
yt) = %e‘“ —zljejbt_|_2ljeibt

1 .
= Be*‘“ sin(bt)

We obtain
1 :
y(t) = Be—“t sin(bt) u (t)
A4) The convolution integral:

y(t) = J h(A)x(t—A) dA

—00

The graphical illustration ok (t —A) andh (A) are as shown below. As both signals has finite

X (—A+t) h ()

~! S

-1+t T+t A —1 T A

supports (exist only in finite interval) the integral shobklcalculated for specified time intervals.

l.Fort < —2,h(A)-x(t—A) =0. Hencey (t) =0.
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. For—2 <t <0,

N —
N
SN

1 1
.<§t+1) 24t = Z(4—t2)

N —

IV. Fort > 2, h (A) - x (t —A) = 0. Thereforey (t) = 0.

Then the convolution integral is as follows.

2+t)?, —2<t<0

Y Ny -

(4—1), 0<t<2

otherwise

o

RN

Ab)

a) The transfer function has one zero and two poles.

s=—2, Iiszero

s = —3 ands = —4 are poles. Because the system is causal the ROC is rightfsideettical line

which is bearing the rightmost pole.

—DRAFT—



EEE 314 Signals and Systems Midterm Exam | March 31, 2010

-

N

L

S N A
X
N

%

b)

B s+ 2

 (s+3)(s+4)°
__A B C
C(s+3)  (s+4)  (s+4)

. . 2
A=lm (s+3)H(s) = lm 72 — 3
s——3 s——3 (S + 4)

s+ 2

T 2 T _
C_sll—mél (S+4) H(S) N sll)rnél (S+3) 2

. d 2 d . s+ 2
B = lim — 4 H(s) = — lim =
RUUA ds (s +4)7H(s) ds el (s +3)

_ lim 1 s+2 o
54 (s +3) (s + 3)2 N

1 1 2

) =3 " 659 " srar

Therefore,
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The inverse Laplace transform of the system function yitldampulse response of the system.

FH(s)]=h(t) = —etu(t) + e fu(t) + te tu(t)
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Answer all questions. Exam time : 150 minutes.

QUESTIONS

Q1) The following signals are given

2t—1, 0<t<]

—t+2, 1<t<2

0, elsewhere

xn=—0MmM+2]—20Mm+1]—-36n]—150Mm—1]+dm—2]+26n—3]+0.56 [n —4]
a) Plotx (t) andx (—2t + 4). Find energy of the signal(8 p)

b) Plotx [n] andx [-n + 2]. Find energy of the signal(9 p)

Q2) Find inverse transform of the following Fourier transf@am

a) Magnitude and phase of Fourier transform of a continuiows signal is given ag9 p)

1

M) = e

0 (w) = —arctan(w)

b) Fourier transform of a discrete time signal is given(&)

X(w) =3P + 26 + & — 1 —2e7% — 372

Q3) Find impulse response of the following LTI and causal systeUse time domain method.
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a) (8p)
Y’ () +4y’ (t) + 3y (t) =x (t)

Initial values of the impulse response afd0") = 1 andy (0") = 0.

b) (9 p)

14 1
yMml— 759 n—1]+ =Y n—2] =x[n]
» : 14
Initial values of the impulse response ar®] = 1 andy [1] = 15"

Q4) Find

a) Bi-lateral Laplace transform of8 p)

Do not forget to specify the ROC.

b) z-transform of(9 p)

Do not forget to specify the ROC.

Q5) In particular a system may or may not be

1. Memoryless
2. Time-invariant
3. Linear

4. Causal
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5. Stable

Determine which of these properties hold which do not holdgach of the following signals.
Justify your answer. In each exampjét) ory [n] denotes the system output, anft) or x [n] is

the system input.(17 p)

(@ y (t) = eV

(b) y(t) =x(t—1)—x(1—-t)
(©) y (t) = [sin(6t)]x (t)

(d) yn] =xn]xm—1]

€ yml=xm—2—xMn—17]

() yMn] =nxn]

Q6) Find convolution of the signals given belo@5 p)

J(at+b)2dt:3l(at+b)3+c
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1

e (t) a<0

f
A ,
jw—a
1
—etu (—t) L . ,
jw —a

a>0

C. L denotes bi-lateral Laplace transforbnC denotes uni-lateral Laplace transform.

1
eu (1) A , Re[s]>a
s—a
—eu (—t) é 1 , Rels]<a
s—a
D.
F 1
a™u [n] ) — Jal< 1
1 —aew
—a™u[—1—n] 1 —  Jal >1
1 —aew

E. Z denotes bi-lateral z-transfor®y.Z denotes uni-lateral z-transform.

1
aul & ——, ROC=[l>[d

1
—au[-1-n] & ——, ROC=ld<la

F. Solution of homogenous differential equation

Yy’ (t)+ay (t)+by(t) =0
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is

Yy (t) = C]@sTt + Cze”t

s1 ands, are roots of the characteristic equation

D2+ aD+b=0

and constant€; andC, are determined from the initial conditions.

G. Solution of homogenous difference equation

yml+aym—1]+bym—2]=0

ym] =G + Croy

«; ando;, are roots of the characteristic equation

D+ aD+b=0

and constant€§; andC, are determined from the initial conditions.

H. Convolution integral

z(t) = J x(A)y(t—A)dA

—00

If x (t) andy (t) are time limited functions you should specify integral mtd(s) wherex (A) y (t — A) #

0.
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l. Fourier transform for continuous-time signals

X(w) = J x (t) e 7*tdt x(t) = %t J X (w) &*tdw

J. Fourier transform for discrete-time signals

[e%e] .I [ )
— jwon L _Aa jon
X(w) n_ZOO x[nle x [n] > J X(w) e dw
K. Bi-lateral Laplace transform
o] 1 a-+oo
X(s) = J x (1) e Stdt (1) = 7 J X (s)estds
L. z-transform for discrete-time signals
- -n _ 1 n—1
X(z) = Z xnlz x[n]—z—m, CX(Z)Z dz
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M. Complex Fourier series for continuous-time signals

to+To o

| J —j 2kt 3Tkt
Qg = — x(t)e "o dt x(t) = aye "
TO k;oo

to

N. Complex Fourier series for discrete-time signals

] no+N , ko+N 5
a = N Z x [n] e IRk x [n] = Z age Nk
n=ngp k:ko
ANSWERS
Al)
a)
x(—2t+4)

ta

The value ofk (t) attimet = t; x (t,) appears at the transformed signal at titme 2 — > = ty

tq ty
-2 3
0 2
1 15
2 1
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oo 0 5 1 2
sz(t)dt = J (—%t—1) dt+J(2t—1)2dt+J(—t+2)zdt
—00 ) 1

0 1 2

1 3
o (—t+2

o

b)

The value ofx [n] at timen = ng; x [n.] appears at the transformed signal at time- 2 —n, =

x [n] x [—n + 2]

Np
Mg My
-2 4
-1 3
0O 2
1 1
2 0
3 -1
4 -2
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1)+ (=2 + (=32 + (1.5 + 12+ 22+ 0.5

—

= 215
A2)
a)
T+jw = (14 w?)"?gaeai)
(1 +jw)™ = (14 w?) /2 et
1 —1
~— e fu(t)
jw + 1
b)
X(w) = 3eP% 4220 4 @ 127w 3720
— 3¢ iBw 4 92w 4 p-i-Nw o009l 32w
2
= ) xmle*"
n=-3
A3)

a) Impulse response is just solution of homogenous diffexeaquation att > 0. This is be-

cause impulse appears in the input at titnre 0 and specify the initial values of the system and
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n x[n
-3 3
2 2
-1 1
0 -1
1 -2
2 -3

elsewhere 0

disappears after. The characteristic equation of the syistas

D?+4D+3=0

The roots of the characteristic equation

(D+3)(D+1)=0= D;=-3, Dy =1

Then the impulse response

Yy (t) = C]€_3t + Cze_t

The constants are found from the initial values.

y0") = G +C =0
y/ (OJr) = —3C1 — Cz =1
3 -1 C, 1 c,)] 2\3 1 1 c,] 2\1
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Finally we get the impulse response

b)

Impulse response can be found by following similar apprdache above.

14_ 1 3 1 3 1
2 14 L 9 ! _d _ !
P*=3P+5 <D 5)(D 3>;\D‘ 5 D2=3
3 n 1 n
ymnl=¢C (g) + G, (g)
ylol = G+C =1
"V
yll] = C1§+C2§—ﬁ
11 C, 1 C, 15 (13 —1 1 ) 19
35 13] |\, 14/15 C, A\ 35 1 14/15 c,] 4\=s

The impulse response is

A4)
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e L -
e u(t) —5 o Re[s] > —1
—etu(—t) £y 1 Relg<3
s—3
11 17
X() = 3557%35-3
s—1
_ _1<R
Grne_3 | Relsh<3
b)
<1) un i ] , ROC:|z|>1
3 L 3
3
3 n
(3wt & — 1 Roc=p<>
5 1_52—1
5
5 1 9 1
X = _11_12—1 11_52—1
3 5
7 ]—5271

A5) Definition of system properties

Memoryless or system with no memory: A system is said to be memoryless if output depends only

present value of the input.

Time-invariance: A system is time invariant if it does not change its chanasties in time. It

—DRAFT—



EEE 314 Signals and Systems Midterm Exam I

May 06, 2010

produces the same output to the same input at any time it Iseddp the system.

Linearity: A system is linear if output is linearly dependent on theuinpt does not depend on the

exponential powers of the input.

Causality: A system is causal if it generates output only after inpataplied.

Sability: A system is stable if output is bounded for a bounded input.

\Memoryless Time-invariant Linear Causal Stable

- DO QO T D

+ +
- +
+ -
- +
- +
+ -

+ +

+ +

+ 4+ + +

+ + + + +
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QUESTIONS

Q1) The following signals are given

;

t+1, —1<t<0

1, 0<t<l
x(t) =

-1, 1<t<?2

0, lotherwise

xMl=—2M+3]4+36M+2]+48m+1]-56M]-45m—1]+28n—2]—-186n —3]+28 [n — 4]

a) Plotx (t) andx (—t/2 + 3/2). Compute energy of (t).
b) Plotx [n] andx [-n/2 + 3/2]. Compute energy of [n].

Q2) Find Fourier transform of
a)e~t cos(2t) u (t) andte 2t u (t),

b) (%) cos[2n]u [n] andn (%) u [n]

Q3)

a) Find convolution integral of the following continuousie signals

e tu(t) « e tul(t)
e tu(t) * etu(t)

e tu(t) *« tetu(t)
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b) Find convolution sum of the following discrete-time sidgm

(%) un] * (%) u [n]

Q4)
a) Transfer (system) function of an LTI and causal contirsdtione system is given as in the fol-

lowing
s+ 1

His)= (s+2)(s?+4s+5)

Find the impulse response.

b) Transfer (system) function of an LTI and causal disctietes systems is given as in the following

H(2) = 2z (12222— 152+ 4)
2z—1)" (3z—1)

Find the impulse response.

Q5) A continuous-time LTI and causal system is given as inféllewing. The continuous-time

signals are sampled with a sampling interval'of 0.05 sec.
Ly +4y (1) =x ()
ai Y yiy =x

Find the corresponding difference equation by approxingathe differential equation. Use a)

backward difference approximation, b) bilinear transform
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Q6) Find Fourier transform of the following signals.

a)
-1, —1<t<0
x(t)=41, o0<t<]
0, otherwise
b)
x (t) = e ' cos(2t) u (t)
c)
—1, n=-4,-3-2,—1
xml=4¢1, n=1,234
0, elsewhere
d)

x[n] = (%) cos[2n] u[n]

Q7) Block diagram of an LTI and causal system is given as irfahewing
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X2 @ Kzl @ Y(2)
A4 A4

@l

D—l

-1/6 3/15

a) Find the system functioH (z). b) Find the corresponding difference equation of the syste

Q8) Prove the following z-transform properties.

a)
Z[xnlxynl]=X(z)Y(z), ROCC (R.NRy)
b)
= 1
Z k;oox[n]] :]_Z_1X(z), ROCC [R, N (|z| > 1)]
Hint:
Z x M =uMn] *x[n]
k=—0c0
c)

Z[a“x[n]]:X<§), ROC = |a| R,

Q9) Determine properties (memoryless, causality, lingatime-invariance, stability) of the fol-
lowing systems. Justify your answers clearly.
a)

d
SO +ty () =x ()
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b)
iy (t) + 3y (t) + cos(2t) = x (t)
dt
C)
] — syl — 1] = x [n] + s — 1]
yn—zyn— —xn—l—ixn—
d)

—DRAFT—



EEE 314 Signals and Systems Final Exam May 28, 2010

l. INTEGRALS

J(at+b)2dt:;—a(at+b)3+c

1 1
J tedtdt = a’ce“t = geat +c

IIl. COMPLEX NUMBERS

Euler’s Identity

e® = cos(0) +j sin(0)

3& z'dz=1
C

jB 2" 'dz = 6§ [n]
g

Cauchy’s integral

Consider contour integral

j[‘)c F(z) dz

A B Cq G, Cn
F(z) = + + + = A v o o Ar
z—a z—b z—c (z—¢) (z—c¢)

where

Here,a, b, andc are poles of (z) andc is a multiple pole A, B, andC; are called as residues of

F (z). The contour integral is equal to sum of these residues.
jE F(z) dz=A+B+ (4
C

lll. FOURIER SERIES
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Complex Fourier series for continuous-time signklss the period.

to+T
1 o —j 2kt — 3Tkt
ax = T x(t)e "o dt x(t) = Z age T
to k=—o00

Complex Fourier series for discrete-time signalsis the period.

] no+N ko+N
o j2n
ak:N E x [n] e TNk x [n] = E e Nk
n=ngp k:ko

IV. FOURIER TRANSFORMS

Fourier transform for continuous-time signals

X(w) = J x (t) e @tdt x(t) = %{ J X (w) &*tdw

Fourier transform for discrete-time signals

Fourier Transform Pairs.
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e u (1) <, _ , a<0
jw—a
1
—etu (—t) L . , a>0
jw—a
1
a™u [n] s —, lal <1
1—aew
1
—a™u[—1—n] — Ja| >1
1—aew

The duality property:

L denotes bi-lateral Laplace transforbAC denotes uni-lateral Laplace transform.

Bi-lateral Laplace transform

X(s) = J x (t) e *tdt x (t) :ZLT[]' J X (s) e‘tds

Laplace Transform Pairs.
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eu (1)

L
[
—e®u (—t) é 1

VI. Z-TRANSFORM

Z denotes bi-lateral z-transfori¥.Z denotes uni-lateral z-transform.

z-Transform

X(z) = Z xnljz™ xn] = ZLTCJ X (z) 2" dz
@

z-Transform Pairs.

1
awl & ——, ROC=[l>[d

1
—aul-1-n) % ——, ROC=ld<la

VII. LTI and causal systems

Solution of homogenous differential equation

Yy (t)+ay (t) +by(t) =0
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is

Yy (t) = C]@sTt + Cze”t

s1 ands, are roots of the characteristic equation
D4+ aD+b=0

and constant€; andC, are determined from the initial conditions.
Solution of homogenous difference equation

yml+aym—1]+bymn—2]=0

yMm] = Caf + Cob

«; ando;, are roots of the characteristic equation
D4+ aD+b=0

and constant€; andC, are determined from the initial conditions.

Convolution integral

z(t) = J x(A)y(t—A)dA
If x (t) andy (t) are time limited functions you should specify integral intd(s) wherex (A) y (t — A) #
0.
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Convolution sum

o0

z[n] = Z x [kly [n —k]

k=—00

VIIl. APPROXIMATION OF CONTINUOUS-TIME SYSTEMS BY DISCREE-TIME SYS-
TEMS

Backward-difference approximation

1
s=1 (1—2z)
Bi-linear transform
21—z
s=
Az

Frequency warping of bi-linear transform

o = 2)

.
w, = 2arctan<§wt)

Here,w; is angular frequency of continuous-time signal angdis angular frequency variable of
discrete-time signal.

2
W ~ T(Ut, Wher] wy K T
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QUESTIONS

Q1) (15 p)

a) Find the impulse response of the following linear timeanmant and casual system (by solving

the homogenous equation in time domain).
D2y (t) + 2Dy (t) + 5y (t) = x (t) -
b) Find the frequency response of the following linear timeariant and casual system.

7 1
y[n]—gy [n—1]+§y n—2=x[n].

Q2) (15 p)A continuous time signak (t) = uw(t+ 1) — %u (t) + %u (t —2) is given.

a) Plot the signal. b) Find the energy of the signal. c) Rléﬂ — g)
Q3) (20 p) Find (test and describe clearly) the properties (lineatitye-invariance, causality,

memory, stability) of the following system. For testingtstily and memory use the characteristic

equation or find the impulse response.

Q4) (15 p)Find the Fourier transform of the following signals.
aAxt)=ut+1)—ut—1), b)x(t)=e=etu(t)+etu(-t).

Q5) (14 p)Find the following convolutions.
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a)etu(t) * e 2u(t), b) <%)nu[n] * (%)nu[n].

Q6) (15 p) Transfer function of an LTI and causal system and its pdirialtions are given as

Mo S46 1 2 5
3 —2s5s4+4  s+2 s2—2s+2 s+2 s—1+j s—1—j°

a) What isthe ROC ofi (s) ? b) Is the system stable ?  c) Find the impulse response.
Give your answers clearly.
Another transfer function:

-2 1 2 . W j
$$+2s+4 s+2 2+ T2 ? Vs+1—§ s+1+4+j°

H(s) =

Q7)(14 p)

a) From multiplication of two unit length complex numbees¢ - ¢°, derive the trigonometric

identities for coga + b) and sin(a + b) by using the Euler’s identity for each complex number.

j(a+b)

et e’ =e¢ :

d) Show thaty (t) = Ae* cos(t+0) + (1 —t)? is a solution for the following differential

equation.A ando are determined by auxiliary conditions grit).

D2y (t) + 2Dy (t) + 2y (t) = 2t>.

c¢) Find polar representations of the following complex nensb
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1 3 :
5 + jg, 0+j, 1+ 05, cos(2nf,t) + j sin(27tf,t).
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ANSWERS

Al)

a) The characteristic equation of the differential equaiso

s2+2s+5=0.

The roots of the characteristic equation

(s+ 1)’ +4=0= (s+1)’ =—4

(s+1)=Fj2
s=—1Fj2.
S =—1 —]2
82:—1 —|—j2

The impulse response is then,

(t) = Cie't+ Cre?, for t>0
Yy

y(t) = 0, for t<O.

The constant€’; andC; should be determined from the initial conditions. Integygthe differ-

ential equation one and twice and evaluate the integralsinterval of, 0~ < t < 0" we obtain
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y (0*) andy’ (0%).

Dy (t)+2y () +5D 'y (t) = u(t)

y(t)+2D 'y (1) +5D 2y (1) = tu(t)

Evaluating the definite integrals in the second equatiom pve, 07 ]

0t ot ot ot
y(t) | +2D 'y (1) | +5D 2y (1) ) — tu(t) ‘
0— 0— 0— 0—

we gety (07) = 0. We assume that the solution (impulse response) does netamyvimpulse at

the origin.

O+
D 'y (t) ’
I
O+
Dy (t) ‘
I

Q
o

2
=

We also employ the causality property of the systepi0~) = 0 andy’ (0-) = 0. Likewise,

evaluating the first equation ovgd—, 0]

ot ot (U ot
Dy() | +2y(0) | +5D 'y (1) | =u(t) |
0— 0~ 0— 0—
yieldsy’ (0*) = 1. Then,
Ci+C =0

$1:Ci+s-C, =1
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The coefficients are computed as

1 1
C = = ——
1 S1— S j4
1 1
G = = —.
2 S2— & j4

We replace these coefficients in the solution

1 . 1 )
1) = ——el"192)t (—1+j2)t
Yy ( ) )46 —+ )46
= %e‘t (—j—;e‘jz%t J,—Leizt) = %e_t sin(2t)

The solution is then,

y((t) = %et sin(2t) u(t) .

b) We obtain Fourier transform of the both sides of the d#fexe equation. To do this we employ

shifting property of the Fourier transfornf [x [n — k] ] = e 72X (Q).

Y(Q)—%eiQY(Q)nL%eszY(Q) = X(Q)
7 _ia 1 -2j0 _
Y (Q) (1—€€J +§e ) ) = X(Q)
Y (Q) 1
= = H(Q)
AL 1— geiﬂ + e 30
A2)
a)
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b)
00 0 2 5
E= J | (t)!zdt—JIHZdH—J a4l
—00 —1 0
c)
1, —1<t<0,
x(t) = —1, 0<t<2,
2
0, elsewhere
t
1, —1§1—§<O,—>3<t§6
X<1—E)= o<1t oo o 3ct<3
3 2 - 37 =
0, elsewhere
t
+(123) ,
1
-3 3 t
I 6
-1/2
A3)
Linearity:
l. Additivity
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Input Output
X1 (t) — Y1 (t)
xz (t) — Y2 (t)

x1(t)+x () — yi(t)+y2(t)

Y=oy ln—1l = x

1
Yz [n] — 7% m—1]

xz [n]

wdﬂ+mhh—?mh—ﬂ+mh—ﬂ)=(MM+MMD

Il. Homogeneity

Input Output

x(t) — yl(t)

ax(t) — ayl(t)

xy [n]—oczy m—1] = ax[n]

(wy ) = (xyf—11) = (ocxln])

Since both additivity and homogeneity are satisfied theesyss linear.
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Time-invariance: The coefficients of the difference ediotadoes not change with time; they are

constant. Therefore the system is time-invariant.

Causality: It is known that output is zero for zero input fdireear linear system. A causal system
produces an output only when an input is applied; outputns wéen the system is at rest. Recall

the definition of the causality,

0, n <k 0, n <k

x1m], n>k yiml, n>k

From the definition of the causality it is seen that if the eysis linear (satisfies zero output for
zero input) the system has to be causal too. In other wordialisonditions of the difference

equation are all zerqy([n] = 0 for all n < k).

Memory : The system needs present value of the inpiat]) and past value of the outpuf (n — 1])
to generate its output.

y ] 2%9 m—1]+xn].

The system should remember the past valpier — 1] at present timev. Therefore the system is

with memory.
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BIBO Stability: If [x ]| < A, |y [n]| < B. Here,co > A, B > 0.

1

y[n] —3Y n—1]| =[x ]|

bl 5ty I~ T < x

. 2 .
For bounded input)(< A < o), the output is also bounded & B < §A < o0). The system is

stable.

A4)

a)
x (t) e @tdt

1. e7%tdt

i _ 8'_8

= — 1 e_jwt = _le_jw + Le].w
jw jw jw
—1
_ zsin(w).
w
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Ju/\28a0

Or,
Fx@)=Fur+1)—ut—1)]=Fut+1)]—Fu(t—1)]
= (L + 76 (w)) e — <L + 76 (w)) e
jw jw
= jlwej“’ — jlwej“’ + 75 (w) &¥ — 1 (w) e
= Zsmu()w) + 78 (w) &° — 718 (w) e °
B 2Sin w)
T w
b)
Fx®))=F[eu(t)+eu(—t)] = F[eu(t)] + F [e'u(-t)]
T 12
S THjw 1w T+ w?
A5)
a)

1, t>0and0 <A<t

0, t<O.
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o0

t t
J erPuN) e N u(t—A)dr = J e e 2t AN = e JeAdA
0 0

—00

For all t,
etu(t) e Put)=etu(t)—e?ut)
b)
N wm s (D) wm= 3 (3 wig (D) wm-x
(3) v (5) wm= 3 (3) ww(3) wm-
I, n>0and0<k<n
ulklun—k] =
0, n<O.
[e%) k n—k n k n—k n n k
£ ) O OO
k=—o00 k=0 k=0
3 n+1
T11_<_) n n+1
1 2 1 3
-(3) 3 -2(3) (1—(5) )
2
n\" \"
-3(z) —2(3)
For alln,
N wmd s (3 wmi=3 (D) wm—2(1) wm
A6)

a) The poles of the transfer function are= 1 —j ands = 1 + j. Since the system is causal the
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ROC is right side of the vertical line containing the rightshpole(s) of the system function. Then
the ROC is Rés] > 1.
b) The system is unstable because the ROC does not cgaiairis.

C)

h(t) = jeItu(t)—jeltu(t)
= e'(je ' —je) u(t)

= 2e'sin(t) u(t) .

h (t) grows ast increases. This is because the system is unstable. If tks pare located at the

left half plane of the complex plarte(t) would be decreasing; the system was stable.

A7)

a)

e = (cos(a)+jsin(a)) (cos(b)+jsin(b))

= cos(a)cos(b) —sin(a)sin(b) +j (sin(a) cos(b) + sin(b) cos(a) ) .

eaglt — ilath)

= cos(a+b)+jsin(a+b).
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Therefore,
cos(a+b) = cos(a)cos(b)—sin(a)sin(b)
sin(a+b) = sin(a)cos(b) + sin(b)cos(a) .
b)
y (t) = Aetcos(t+0)+(1—t)
Dy (t) = —Aetsin(t+0)—Aetcos(t+60)—2(1—1t)
D2y (t) = 2Aetsin(t+0)+2
D%y (t) + 2Dy (t) + 2y (1) = 2t
c)

1+j£ _ o3
2 2
0+j = &2
140 = &°
cos(2nfot) +jsin(2mft) = et
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Answer all the questions. Q1, Q6, Q7 are 10p, others are 15p.

Exam time : 90 min.
QUESTIONS

Q1) Find the frequency response of the following linear timariant and casual system.

D%y (t) + 5Dy (t) + 6y (t) = x (1) .

4 " .
Q2) Output of an LTI and causal systemysgn] = 2 (g) un] — (%) u[n] for input
2

x[n] = <§) u [n]. Find the impulse response of the system.

Q3) Plot continuous time signal;(t) = (t+ 1u(t+1)—4u(t—1)—(t—3)u(t—3). (Find

the behavior ok (t) for each time interval of < —1, -1 <t<1, 1<t<3, andt>3).

Q4) Find the Fourier transform af(t) = te *u (t). Use the following Fourier transform property.

Fltx (1] = joX (@) .

n| n
Q5) Find the Fourier transform af[n] = (%) = (%) umn] + (2)"u[-n — 1]. Recall that:

1

Z oc“:L, lo) > 1
- ox—1

> 1
Zoc“:—, o) < T.
11—«

n=0

Q6) Find the convolutior2t e 2fu (t) * e 2w ().
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Q7) Find the convolutiorm (%) unl * <%) u [n]. Remember that
i CN(N+T)
n= 72 c

1

)
Il

Q8) Transfer function of an LTI and causal system and itggldractions are given as

1 1 s 1 1 1

H = = — = J— .
(s) $34+4s2+5s+2  s+2 s242s+1 s+2 s—|—1+(3+1)2

a) What isthe ROC ofi (s) ?  b) Is the system stable ?  ¢) Find the impulse response.

Give your answers shortly and clearly. Recall that

L [te_“tu(t)} = Rels] > —a.

Q9) Transfer function of an LTI and causal system and itsgdractions are given as

z? 4z 3z
Hi) Sy 2 1
) 9 - _ _

Z 62—1—3 % 3 z >

a) Whatisthe ROC ofi (z) ? b) Is the system stable ?  ¢) Find the impulse response.

Give your answers shortly and clearly.
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Some other questions

Q1) Impulse response of an LTI and causal system with a gafgfiction of

s+ a

HE = e

h(t)=L£"[H(s)] = e cos(b)u(t) .

Explain shortly and clearly where and why the poles of thedfar should be located in ? Use the

absolute integral of the impulse response;

J [h (1) dt = J e “Ycos(b)|dt < J e tdt.
—00 0 0

and/or,t limh (t).

Q2) An LTI causal system is given as

1+ 12*1
3 2 5 1
Hz)=—=5— = 2+
1—12*‘ 3 31—1?1
2 2
And the impulse response is
hin) = 35l + 2 (%) wn]
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The inverse system of this systemdqz) = 1/H (z). a) Find difference equation of the inverse

system. b) Find the impulse response of the inverse system.

Q3) Find the residues of the following functions.

22 —2
F =
e 25 —422452—-2
and
z
F =
2(2) 22 —3z2+2
Q4) Find the following limit.
lim el*®)t
t—oo

Q5) Find the solution of the following differential equatio
Dy (t) + 2y (t) = (=2sin(t) + 2 cos(t)) u (t), y (0M) =0.

Q6) Find the solution of the following difference equation.

1

y ) [n—ﬂ:%y[n]u[n], Yol =1.

Q7) Find the the following sum.

> (Vieiva)"

n=0
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