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EEM 314 Signals and Systems Midterm Exam Sami Arıca

QUESTIONS May 11, 2002

1. Fourier series coefficients of a periodic signalx [n] is given as

k −2 −1 0 1 2

ak −1.5− j1.5
√
3 3− j3

√
3 3 3+ j3

√
3 −1.5+ j1.5

√
3

Find signalx [n] .

2. Find convolution sum of the following signals.

h [n] =






3n, n = 1, 2, 3, 4

0, elsewhere
,

x [n] =






2, n = −1, 0, 1, 2, 3, 4, 5

0 elsewhere
.

3. Findz-Transform ofx [n] = (n + 1)an · u [n]. Hint:
∞∑

n=0

nbn−1 = d
db

(

∞∑

n=0

bn

)

.

4. Poles of system response of a causal and stable system are inside the unit circle. Prove this

property.Hint: Remember that impulse response of a stable system is absolutely summable.

You should also remember that ROC of a right-sided sequence is outside region of a circle.

5. Findz-Transform ofy [n] = x [2n] in terms ofz-Transform ofx [n]. Hint: Obtainy [n] in

two spets; I.y1 [n] =
1
2
x [n] + 1

2
(−1)nx [n], II. y [n] = y1 [2n]. First findz-Transform o

y1 [n] and latery [n]. (This question was not included in the exam questions)
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Good Luck
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EEM 314 Signals and Systems Final Exam Sami Arıca

June 11, 2002

Instructions. Answer all questions.

QUESTIONS

1. Findz-transforms of the follwing signals.

a)x [n] = anu [n] b) h [n] = u [n] ∗ x [n] =
n∑

k=0

x [k] .

2. Find inverse Laplace transforms of the following Laplacetransform.

X (s) =
1

s − b
+

1

s+ a
, −a < Re{s} < b , −a < b .

3. Find inversez-transform of the followingz-transform.

X (z) =
1

1− az−1
+

1

1− bz−1
, |a| < |z| < |b| , |a| < |b| .

4. Response of an LTI system to input signal

x [n] =






n + 1, n = 0, 1, 2

0, elsewhere

is

y [n] =






(0.5)
n
, n = 0, 1, 2

0, elsewhere
.

Find response of the system for input signal

x1 [n] =






n+ 1, n = 0, 1, 2

4 (n − 2) , n = 3, 4, 5

0, elsewhere

.

Good Luck.
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ANSWERS

1. a)X (z) =
1

1− az−1
, |z| > |a| . b)H (z) =

1

1− z−1
· 1

1− az−1
,(|z| > |a|)∩(|z| > 1)

.

2. x (t) = e−atu (t) − bebtu (−t) .

3. x [n] = anu [n] − bnu [−n − 1] .

4. x1 [n] = x [n] + 4x [n− 3] ,

y1 [n] = y [n] + 4y [n − 3] =






(0.5)
n
, n = 0, 1, 2

32 (0.5)
n
, n = 3, 4, 5

0, elsewhere

.

Sami Arıca —DRAFT— PAGE 5 of 190



D
R
A
FT

EEM 314 Signals and Systems Final Exam June 11, 2002

EEM 314 Signals and Systems Reset Exam Sami Arıca

June 24, 2002

Instructions. Answer all questions.

QUESTIONS

1. For inputx [n] = u [n], output of an LTI system is given asy [n] = 2
(

1− (1/2)
n+1
)

u [n].

Find impulse response of the system.
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EEM 314 Signals and Systems II Midterm Exam I - April 04, 2003

QUESTIONS

Q1)x (n) = u (n + 1) − u (n− 1) is input to an LTI system described by difference equation,

y (n) −
1

2
y (n− 1) = x (n) .

Find output signalx (n) .

Q2)

x (n) =






1

3
−

1

3
|n| , n = −2,−1, 0, 1, 2

0, elsewhere

Findy (n) = x (n) ∗ x (n). ( ∗ is the convolution operator )

Q3)

x (n) =






(

1

2

)|n|

, n = −2,−1, 0, 1, 2

x (n+ l · 5) , l ∈ Z

.

Find complex Fourier series coefficients of the signal.

Q4) Consider the following set of signals:

φ (n) =

(

1

2

)|n|

u (n)

φk (n) = φ (n − k) , k = 0,±1,±2,±3, . . .

Show that an arbitrary signal can be expressed in the form,

x (n) =

∞∑

k=−∞

akφk (n) ,

Sami Arıca —DRAFT— PAGE 7 of 190



D
R
A
FT

EEM 314 Signals and Systems II Midterm Exam I April 04, 2003

by determining an explicit expression for the coefficientak in terms of the values of the signal

x (n). ( Hint: what is the representation forδ (n) ? )

( This question is quoted from the textbook: Oppenheim and Willsky, Signals and Systems, Pren-

tice/Hall International, Inc. )

Sami Arıca —DRAFT— PAGE 8 of 190



D
R
A
FT

EEM 314 Signals and Systems II Midterm Exam I April 04, 2003

ANSWERS

A1) Linear and causal systems can be described by constant coefficient difference equations. Then,

becausex (n) = 0 for n ≤ −2,

n ≤ −2

y (n) = 0 .

The output samples forn > −2 are

n = −1

y (−1) =
1

2
y (−2) + x (−1)

= 1 ,

n = 0

y (0) =
1

2
y (−1) + x (0)

=
1

2
· 1+ 1

=
3

2
,

n = 1

y (1) =
1

2
y (0) + x (1)

=
1

2
· 3
2
+ 0

=
3

4
...

etc.

Sami Arıca —DRAFT— PAGE 9 of 190



D
R
A
FT

EEM 314 Signals and Systems II Midterm Exam I April 04, 2003

The general form of the output is,

y (n) =

(

1

2

)n+1

u (n+ 1) +

(

1

2

)n

u (n) .

x (n) = u (n+ 1) − u (n− 1)

= δ (n + 1) + δ (n)

(

1

2

)n

u (n) is response toδ (n) .

A2)

y (n) =

2∑

k=−2

x (k) x (n− k)

= x (−2) x (n+ 2) + x (−1) x (n+ 1) + x (0) x (n) + x (1) x (n− 1) + x (2) x (n+ 2) .

y (n) is zero if arguments ofx (n− k) andx (k) are outside of the ranges,

−2 ≥ n− k ≤ 2

−2 ≥ k ≤ 2 .

Then,y (n) should be calculated for−4 ≥ n ≤ 4. Becausex (n) = x (−n), y (n) = y (−n).

Findingy (n) for n = 0 . . . 4 will be sufficient.
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y (0) = 1 · 1+ 2

3
· 2
3
+

1

3
· 1
3
+

2

3
· 2
3
+ 1 · 1

= 3 ,

y (−1) = y (1) =
2

3
· 1+ 1

3
· 2
3
+

2

3
· 1
3
+ 1 · 2

3

=
16

9
,

y (−2) = y (2) =
1

3
· 1+ 2

3
· 2
3
+ 1 · 1

3

= 2 ,

y (−3) = y (3) =
2

3
· 1+ 1 · 2

3

=
4

3
,

y (−4) = y (4) = 1 · 1

= 1 .

A3) The period of signal,x (n) is N = 5. Becausex (n) ∈ R andx (n) = x (−n), ak = a−k.

ak =
1

5
·

2∑

n=−2

x (n) e
−j

2π

5
n · k

=
1

10

(

2+ 2 cos

(

2π

5
k

)

+ cos

(

4π

5
k

))

.

a0 = 0.5

a−1 = a1 = 0.18

a−2 = a2 = 0.07 .

Sami Arıca —DRAFT— PAGE 11 of 190



D
R
A
FT

EEM 314 Signals and Systems II Midterm Exam I April 04, 2003

A4) The representation ofδ (n) in terms ofφ (n) is,

δ (n) = φ (n) −
1

2
φ (n− 1) .

First signalx (n) is represented by impulses and next equivalent of impulse isreplaced.

x (n) =

∞∑

k=−∞

x (k) δ (n− k)

=

∞∑

k=−∞

x (k)

[

φ (n− k) −
1

2
φ (n− k− 1)

]

=

∞∑

k=−∞

x (k)φ (n− k) −
1

2

∞∑

k=−∞

x (k)φ (n− k− 1)

=

∞∑

k=−∞

x (k)φ (n− k) −
1

2

∞∑

k=−∞

x (k + 1)φ (n− k)

=

∞∑

k=−∞

[

x (k) −
1

2
x (k + 1)

]

φ (n− k)

The coefficientak in terms of the values ofx (n) is,

ak = x (k) −
1

2
x (k+ 1) .
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EEM 314 Signals and Systems II Midterm Exam II - May 2, 2003

QUESTIONS

Q1) Using the knownz-transforms, find the inversez-transform of,

X (z) =
2+ 2z−1

(1+ 3z−1) (1− z−1)
, 1 < |z| < 3 .

Q2) Find the Fourier transform of the following signals in terms of,X (Ω) = F [x (n)].

1. y (n) = x? (n),

2. y (n) = nx (n).
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ANSWERS

A1) X (z) is partitioned by using partial fraction expansion,

X (z) =
1

1+ 3z−1
+

1

1− z−1
.

The parts of thez-transform are,

X1 (z) =
1

1+ 3z−1
, |z| < 3 .

X2 (z) =
1

1− z−1
, |z| > 1 .

The inversez-transforms of the parts are,

F−1 [X1 (z)] = (−3)
n
u (−n − 1) .

F−1 [X2 (z)] = u (n) .

Then,

F−1 [X (z)] = (−3)
n
u (−n − 1) + u (n) .

A2)
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1)

Y (Ω) =

∞∑

n=−∞

y (n) e−jΩn

=

∞∑

n=−∞

x∗ (n) e−jΩn

=

∞∑

n=−∞

(

x (n) ejΩn
)∗

=

(

∞∑

n=−∞

x (n) ejΩn

)∗

=

(

∞∑

n=−∞

x (n) e−j(−Ω)n

)∗

= X∗ (−Ω) .

2)

Y (Ω) =

∞∑

n=−∞

y (n) e−jΩn

=

∞∑

n=−∞

nx (n) e−jΩn

=

∞∑

n=−∞

x (n)
[

ne−jΩn
]

=

∞∑

n=−∞

x (n)

[

j
d

dΩ

(

e−jΩn
)

]

=

∞∑

n=−∞

j
d

dΩ

[

x (n) e−jΩn
]

= j
d

dΩ

[

∞∑

n=−∞

x (n) e−jΩn

]

= j
d

dΩ
X (Ω) .

Or
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X (Ω) =

∞∑

n=−∞

x (n) e−jΩn

d

dΩ
X (Ω) =

d

dΩ

[

∞∑

n=−∞

x (n) e−jΩn

]

=

∞∑

n=−∞

d

dΩ

[

x (n) e−jΩn
]

=

∞∑

n=−∞

x (n)
d

dΩ

[

e−jΩn
]

=

∞∑

n=−∞

x (n)
[

−jne−jΩn
]

= −j

∞∑

n=−∞

nx (n) e−jΩn

= −jY (Ω) .
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Inversez-Transform

1

2πj

∫
	

Γ

zn−1dz = δ (n)

1

2πj

∫
	

Γ

(

x (k) z−k
)

zn−1dz

=
1

2πj
x (k)

∫
	

Γ

zn−k−1dz

= δ (n− k) · x (k)
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QUESTIONS

Q1)x (n) = −2 ·δ (n+ 2)+δ (n − 1) is input to an LTI system described by difference equation,

y (n) −
1

2
y (n− 1) = 3 · x (n) .

Find output signal,y (n) for input signal,x (n) .

Q2)

x (n) =






2n, n = −1, 0, 1, 2

x (n + l · 4) , l ∈ Z
.

Find complex Fourier series coefficients of the signal.

Q3) Using the knownz-transforms, find the inversez-transform of,

X (z) =
3z−1

2− 5z−1 + 2z−2
, |z| > 2 .

Q4) Find Laplace transform of,

x (t) = 6−(2+3j)t u (t) .
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ANSWERS

A1)

Input Output

δ (n) → 3

(

1

2

)n

· u (n)

δ (n+ 2) → −2 · 3
(

1

2

)n+2

· u (n+ 2)

δ (n− 1) →
(

1

2

)n−1

· u (n − 1)

y (n) = −2 · 3
(

1

2

)n+2

· u (n+ 2) + δ (n − 1) +

(

1

2

)n−1

· u (n− 1)

A2) Period of the signal,N = 4.

ak =
1

4





1

2
e
j
π

2
k
+ 1+ 2e

−j
π

2
k
+ 4e−jπk





1

4

[

1

2
(j)

k
+ 1+ 2 (−j)

k
+ 4 (−1)

k

]
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A3)

X (z) =
1

1− 2z−1
−

1

1−
1

2
z−1

, (|z| > 2)
⋂

(

|z| >
1

2

)

x (n) = (2)
n
u (n) −

(

1

2

)n

u (n) .

A4)

6 = e1.79

x (t) = e−1.79(2+3j)t · u (t)

X (s) =
1

s + 3.58+ 5.37j
, Re [s] > −3.58 .
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QUESTIONS

Q1) Find Fourier transform of

a)

x (t) =






−1 −1 ≤ t < 0

1 0 ≤ t < 1

0 elsewhere

b) y (t) =

t∫

−∞

x (τ)dτ .

Q2) Find inverse Laplace transform of

X (s) =
1

(s + 2) (4s+ 1)
2

Re{s} > −
1

4

using partial fraction expansion method.

Q3)

x (t) =






t+ 1, −1 ≤ t < 0

1 0 ≤ t < 1

0 elsewhere

.

a) Find energy of the signal.

b) Find and ploty (t) = −2x (2− 3t) + 2x (3t− 1).

Q4) Find trigonometric Fourier series coefficients ofx (t) = |cos(πt)|.

Good Luck
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ANSWERS

A1)

a)

-1

1

1

-1

X (ω) = −

0∫

−1

e−jωtdt+

1∫

0

e−jωtdt

= −

1∫

0

ejωtdt+

1∫

0

e−jωtdt

= −2j

1∫

0

sin(ωt)dt

= 2j
1

ω
cos(ωt)

∣

∣

∣

∣

1

0

= 2j
1

ω
(cos(ω) − 1)

b)
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Y (ω) =
1

jω
X (ω) + πX (0) δ (ω)

=
2 (cos(ω) − 1)

ω2
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A2)

X (s) =
1/16

(s + 2) (s+ 1/4)
2

=
A

(s + 2)
+

B

(s+ 1/4)
+

C

(s + 1/4)
2

A = lim
s→−2

(s+ 2)X (s)

= 1/49

C = lim
s→−1/4

(s+ 1/4)
2
X (s)

= 1/28

B = lim
s→−1/4

d

ds
(s+ 1/4)

2
X (s)

= lim
s→−1/4

−
1/16

(s+ 2)
2

= −1/49
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dY (s)

ds
↔ −ty (t)

−
1

(s+ 1/4)
↔ −e−t/4u (t)

1

(s + 1/4)
2
↔ te−t/4u (t)

x (t) = 1/49 e−2tu (t) − 1/49 e−t/4u (t) + 1/28 te−t/4u (t)
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A3)

a)

0∫

−1

(t+ 1)
2
dt+

0∫

−1

(1)
2
dt

=

1∫

0

(u)
2
du+ 1

=
1

3
u3

∣

∣

∣

∣

1

0

+ 1

=
4

3

b)

t
-1

1

1

x (t)

t
12/31/3

1

x (2− 3t)

t
1/3 2/3

1

x (3t− 1) −2x (2− 3t) + 2x (3t− 1)

1/3

2/3 1

-2

2

t
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A4)

a0 =
1

1

1/2∫

−1/2

cos(πt)dt

=
1

π
sin(πt)

∣

∣

∣

∣

1/2

−1/2

=
1

π
(sin(π/2) + sin(π/2))

=
2

π

ak =
2

1

1/2∫

−1/2

cos(πt) · cos(2πkt)dt

= 2

1/2∫

−1/2

1

2
[cos((1+ 2k)πt) + cos((1− 2k)πt)]dt

=
2

π (1+ 2k)
sin
(π

2
(1+ 2k)

)

+
2

π (1− 2k)
sin
(π

2
(1− 2k)

)

bk =
2

1

1/2∫

−1/2

cos(πt) · sin(2πkt)dt

=

1/2∫

−1/2

sin((1+ 2k)πt)dt+

1/2∫

−1/2

sin((−1+ 2k)πt)dt

= 0
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x (t) = a0 +

∞∑

k=1

ak cos(2πkt)
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QUESTIONS

Q1) Fourier transform of signalx (t) is given as,

X (ω) =
2 (1− cos(ω))

ω2
.

Find Fourier transform ofx (0.5t− 2) . (
x (t)↔ X (ω)

x (0.5t− 2)↔ ?
)

Q2)

1/s

−4

−5

X (s)
1/s

Y (s)

a) Find system responseH (s) of the system. b) Find differential equation which describes the

input-output relationship of the system.

Q3) Find Fourier series coefficients of

x [n] = (n− 2) mod 5 .

Here,x mody is the reminder of integer division and is always positive.13 mod 5 = 3, −9

mod 5 = 1.

Q4)

X (z) = −21
z

(5z− 2) (2z− 5)
,

2

5
< |z| <

5

2
.

Find inverse z-transform using partial fraction expansionmethod.
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Q5)

−1

1

2

3

−3 −2

0−1 321
n

x [n]

y1 [n] = x [2n] andy2 [n] =






x [n/2] , n = 0,∓2,∓4,∓6, . . .

0, otherwise
.

a) Find and ploty1 [n] andy2 [n]. b) Find and ploty [n] = 3y1 [−n] − 2y2 [n] .

(Take plot range asn = −6 . . . 6 ) .

Q6) Find Laplace transform ofx (t) = e−2|t| .

The following questions are given as exercises.

Q7) An LTI system is described by the following differentialequation.

d2y (t)

dt2
+ 4

dy (t)

dt
+ 5y (t) = x (t) .

Initial conditions forx (t) = u (t) are given as,y (0) = 0, and
dy (t)

dt

∣

∣

∣

∣

t=0

= 0. Fint unit step

response ,s (t), of the system.

Q8) There is many definitions of Dirac delta function. One of these is,

δ (x) = lim
a→0

∞∫

−∞

ej2πx(y−a|y|)dy .

Let φ (w, t) = ej2πωt is basis function of Fourier transform pairs ;
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X (ω) =

∞∫

−∞

x (t)φ (w, t)dt

x (t) =
1

2π

∞∫

−∞

X (ω)φ∗ (w, t)dω .

Using definition of Dirac delta given above, prove thatx (t) can be reconstructed fromX (ω) .
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ANSWERS

A1)

Y (ω) =

∞∫

−∞

x (0.5t− 2) e−jωtdt ,

changing integral variablet with u = 0.5t− 2,

t = 2u+ 4

dt = 2du

t = −∞⇒ u = −∞

t =∞⇒ u =∞ ,

Y (ω) becomes,

Y (ω) = 2

∞∫

−∞

x (u) e−jω(2u+4)du

= 2e−j4ω

∞∫

−∞

x (u) e−j2ωudu

= 2e−j4ωX (2ω)

= e−j4ω (1− cos(2ω))

ω2
.

A2)

C (s)

1/s

−4

−5

X (s)
1/s

Y (s)

A (s) B (s)
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A (s) = X (s) + C (s)

C (s) = −5Y (s) − 4B (s)

A (s) = s2Y (s)

B (s) = sY (s) .

Combining the equations we obtain,

s2Y (s) = X (s) − 5Y (s) − 4sY (s)

s2Y (s) + 4sY (s) + 5Y (s) = X (s) .

The system response is,

H (s) =
Y (s)

X (s)

=
1

s2 + 4s+ 5
.

Time domain equivalent of the system is,

d2y (t)

dt2
+ 4

dy (t)

dt
+ 5y (t) = x (t) .

A3) Period ofx [n] is N = 5.

n 0 1 2 3 4

x [n] 3 4 0 1 2 .
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ak =
1

5

4∑

n=0

x [n] e−j 2πk
5

=
1

5

(

3+ 4e−j 2π
5 + e−j 6π

5 + 2e−j 8πk
5

)

=
1

5

(

3+ 4e−j 2π
5 + ej

4π
5 + 2ej

2πk
5

)

The Fourier series coefficients,

k 0 1 2 3 4

ak 2 0.81− 0.26j −0.31− 0.43j −0.31+ 0.43j 0.81+ 0.26j .

A4)

X (z)

z
= −

21

(5z− 2) (2z− 5)

=
5

5z− 2
−

2

2z− 2
.

X (z) =
5z

5z− 2
−

2z

2z− 2

=
1

1−
2

5
z−1

−
1

1−
5

2
z−1

= A (z) + B (z) .
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A (z) =
1

1−
2

5
z−1

, |z| >
2

5

B (z) =
−1

1−
5

2
z−1

, |z| <
5

2
.

a [n] =

(

2

5

)n

u [n] ,

b [n] =

(

5

2

)n

u [−n− 1] .

x [n] = a [n] + b [n]

=

(

2

5

)n

u [n] +

(

5

2

)n

u [−n − 1] .

A5)
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2

−1

1 2 3 4 5 6

y1 [n]

n−1

0−2−3−4−5−6

2

1 2 3 4 5 6

n

−1 0−2−3

−4
1

−1

−5−6

3

y2 [n]

2

−1

y1 [−n]

−1−2−3−4−5−6 n1 2 3 4 5 6

0
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3 4 5 6

n

−1 0−3−5

y [n]

−4

2 2

−2

−2 1

−3

−6

2

A6)

X (s) =

∞∫

−∞

e−2|t|e−stdt

=

0∫

−∞

e2te−stdt+

∞∫

0

e−2te−stdt

=

∞∫

0

e−2testdt+

∞∫

0

e−2te−stdt

∞∫

0

e(s−2)tdt = −
1

s − 2
, Re{s} < 2

∞∫

0

e−(s+2)tdt =
1

s + 2
, Re{s} > −2
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X (s) = −
1

s − 2
+

1

s+ 2

=
4

4− s2
, −2 < Re{s} < 2
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QUESTIONS

Q1) An LTI system is described by the following differentialequation.

d2y (t)

dt2
+ 4

dy (t)

dt
+ 5y (t) = x (t) .

Find unit step response ,s (t), of the system.

Q2) System function of a continuous-time LTI system is givenas,

H (s) =
1

s + 1
· 2

2s+ 1

Using the bilinear transform,s =
2

T
· 1− z−1

1+ z−1
, find discrete time equivalent (H (z)) of the system

function and write difference equation of the discrete-time system (the sampling periodT = 2).

Q3) Poles of transfer function of a discrete-time LTI systemis given as,0.5 + j0.25, 0.5 − j0.25,

0.25+j0.5, 0.25−j0.5 and zeros of the transfer function are1.5+j0.25 and1.5−j0.25. H (0) = 1.

Find the transfer function and frequency response of the system.

Q4) Plot cascade form realization of continuous-time system with system functionH (s) given in

Q2.

Q5) Find trigonometric Fourier series coefficients ofx (t) = 3 · |cos(πt− π/4)|.
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ANSWERS

A1) Since this differential equation represents an LTI systemy (t) = 0 for t < 0. Then a solution

for t ≥ 0 should be looked for. The characteristic equation of the differential equation is,

s2 + 4 s+ 5 = 0 .

The roots are−2+ j and−2− j. Then the homogenous solution is,

yh (t) = a e(−2+j)t + b e(−2−j)t .

Because input is a constant, the particular solution is a zero degree polynomial;

yp (t) = 1/5 .

The complete solution is,

y (t) = yh (t) + yp (t)

= a e(−2+j)t + b e(−2−j)t + 1/5 .

The inition conditions,y (0) = 0 and
dy (t)

dt

∣

∣

∣

∣

t=0

= 0 are used to find unknown constants,a and

b. They lead to following equations,

a+ b = −1/5

(−2 + j)a+ (−2 − j)b = 0 .
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Solution for these equations isa = −1/10+ 1/5 j andb = −1/10− 1/5 j. Then,

y (t) = (−1/10+ 1/5 j) e(−2+j)t + (−1/10− 1/5 j) e(−2−j)t + 1/5

= 1/5− 2/5 e−2 t sin(t) − 1/5 e−2 t cos(t) .

As a result the unit step response the LTI sytem;

s (t) =
(

1/5− 2/5 e−2 t sin(t) − 1/5 e−2 t cos(t)
)

u (t) .

A2)

H (z) = H (s)|s=(1−z−1)/(1+z−1)

=
(z+ 1)

2

z (3z− 1)

=
1+ 2 z−1 + z−2

3− z−1

The input output relation inz-domain,

Y (z) = H (z) · X (z) .

The corresponding difference equation;

3 y (n) − y (n− 1) = x (n) + 2 x (n − 1) + x (n− 2) .
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A3) The structure of transfer function of an LTI system is a rational polynomial function;

H (z) = A
1+ b1z

−1 + b2z
−2 + · · ·+ bMz−M

1+ a1z( − 1) + a2z−2 + · · ·+ aNz−N

= A

(

1− r1z
−1
) (

1− r2z
−1
)

· · ·
(

1− rMz−1
)

(1− p1z−1) (1− p2z−1) · · · (1− pNz−1)
,

wherepk andrk are poles and zeros respectively.N is the order of the LTI system. Hence, for

given poles and zeros the transfer function;

H (z) =
A ·
(

1− (1.5+ 0.25 j) z−1
) (

1− (1.5− 0.25 j) z−1
)

(1− (0.5+ 0.25 j) z−1) (1− (0.5− 0.25 j) z−1) (1− (0.25+ 0.5 j) z−1) (1− (0.25− 0.5 j) z−1)
.

UsingH (0) = 1, the unknown constant is found as,A = 0.0422. Then the transfer function

becomes,

H (z) =
0.0422− 0.1266 z−1 + 0.1055 z−2

1− 1.5 z−1 + 1.125 z−2 − 0.4688 z−3 + 0.09766 z−4
.

A4)

H (s) = H1 (s)H2 (s) ..

H1 (s) =
1

s+ 1
,

H2 (s) =
2

2 s+ 1
.

I. Realization ofH1 (s);

Y (s) = H1 (s)X (s) .
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Y (s) =
1

s+ 1
X (s) ,

s Y (s) + Y (s) = X (s) ,

Y (s) =
1

s
(X (s) − Y (s)) .

y (t)

−1

∫
x (t)

II. Realization ofH2 (s);

Y (s) = H2 (s)X (s) ..

Y (s) =
2

2 s+ 1
X (s) ,

2 s Y (s) + Y (s) = 2X (s) ,

Y (s) =
1

s
(X (s) − 0.5 · Y (s)) .

−0.5

∫
x (t) y (t)

III. Realization ofH (s);
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−0.5

∫
x (t)

∫
y (t)

−1

or,

−1

∫
x (t)

∫
y (t)

−0.5

A5) Period of cos(πt− π/4) is 2 sec. Period of the absolute value of the cosine decreases by half

and becomes1 sec. ThenT = 1 sec.

a0 =
1

T

t0+T∫

t0

x (t)dt

=
1

1

3/4∫

−1/4

cos(πt− π/4)dt

=
2

π
,
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ak =
2

T

t0+T∫

t0

x (t) cos

(

2 π k t

T

)

dt

=
2

1

3/4∫

−1/4

cos(πt− π/4) cos(2 π k t)dt

= −4
cos(πk/2)

π (−1 + 4 k2)
,

bk =
2

T

t0+T∫

t0

x (t) sin

(

2 π k t

T

)

dt

=
2

1

3/4∫

−1/4

cos(πt− π/4) sin(2 π k t)dt

= 4
sin(πk/2)

π (−1 + 4 k2)
.

x (t) =
2

π
− 4

∞∑

k=1

cos(πk/2)
π (−1+ 4 k2)

cos(2 π k t) + 4

∞∑

k=1

sin(πk/2)
π (−1 + 4 k2)

sin(2 π k t) .
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QUESTIONS

Q1a)x (t) = (1− 2 |t|) (u (t+ 0.5) − u (t− 0.5)) is given. Find and ploty (t) = x (0.5t− 0.5)−

x (0.5t− 1) − x (0.5t+ 0.5) + x (0.5t+ 1).

Q1b) x [n] =
1

2
δ [n + 2] + δ [n] + 2δ [n− 2] is given. Find and ploty [n] = x [2n− 2] −

x [2n− 4] − x [2n+ 2] + x [2n+ 4].

Q2a) A continuous-time LTI system is described by the following first order differential equation.

d

dt
y (t) + 2y (t) = x (t) .

Find i) unit step response, ii) impulse response, of the system and iii) response of the system to an

arbitrary input.

Q2b) A discrete-time LTI system is described by the following first order difference equation.

y [n] − 0.2y [n− 1] = x [n] .

Find i) unit step response, ii) impulse response, of the system and iii) response of the system to an

arbitrary input.

Q3) A periodic signal is given as,

x (t) =






sin(2πt) , −0.5 ≤ t ≤ 0.5

0, −1 ≤ t < −0.5 and 0.5 < t ≤ 1

x (t+ l · 2) , l ∈ Z
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Find a) complex Fourier series representation, b) trigonometric Fourier series representation of the

signal.

Q4a) Find state-space representation of
d2

dt2
y (t) + 0.5

d

dt
y (t) + y (t) = x (t). Choose state vari-

ables asz1 (t) = y (t) andz2 (t) =
d

dt
y (t).

Q4b) Find state-space representation ofy [n] + 0.5y [n− 1] + y [n− 2] = x [n]. Choose state

variables asz1 [n] = y [n − 2] andz2 [n] = y [n− 1].
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ANSWERS

A1a)

x (t) =






1+ 2t, −1/2 < t ≤ 0

1− 2t, 0 ≤ t < 1/2

0, otherwise

x (0.5t) =






1+ t, −1 < t ≤ 0

1− t, 0 ≤ t < 1

0, otherwise

x (0.5t− 0.5) =






t, 0 < t ≤ 1

2− t, 1 ≤ t < 2

0, otherwise
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−x (0.5t− 1) =






1− t, 1 < t ≤ 2

t− 3, 2 ≤ t < 3

0, otherwise

−x (0.5t+ 0.5) =






−t− 2, −2 < t ≤ −1

t, −1 ≤ t < 0

0, otherwise

x (0.5t+ 1) =






3+ t, −3 < t ≤ −2

−1− t, −2 ≤ t < −1

0, otherwise

y (t) =






3+ t, −3 < t ≤ −2

−3− 2t, −2 < t ≤ −1

t, −1 < t ≤ 1

3− 2t, 1 < t ≤ 2

t− 3, 2 < t ≤ 3

0, otherwise

A1b)
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x [n] =
1

2
δ [n+ 2] + δ [n] + 2δ [n − 2]

x [2n− 2] =
1

2
δ [2n] + δ [2n − 2] + 2δ [2n− 4]

−x [2n− 4] = −
1

2
δ [2n− 2] − δ [2n− 4] − 2δ [2n− 6]

−x [2n+ 2] = −
1

2
δ [2n+ 4] − δ [2n+ 2] − 2δ [2n]

x [2n+ 4] =
1

2
δ [2n+ 6] + δ [2n+ 4] + 2δ [2n + 2]

y [n] =
1

2
δ [2n+ 6] +

1

2
δ [2n+ 4] +

3

2
δ [2n+ 2] −

3

2
δ [2n] +

1

2
δ [2n− 2]

+δ [2n− 4] − 2δ [2n− 6]

A2a)

d

dt
y(t) + 2y(t) = x(t) .

To find impulse response first find the step response. The solution of the differential equation

consists of homogenous and particular solutions. The homogenous solution is solution of the

differential equation forx (t) = 0.

d

dt
yh(t) + 2yh(t) = 0 .

The homogenous solution isyh (t) = A · est ands is found by solving the characteristic equation

s + 2 = 0. (
dk

dtk
is replaced bysk). Hence

yh(t) = A · e−2t .
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The particular solution is solution of the differential equation

d

dt
yp(t) + 2yp(t) = 1, t ≥ 0 .

Since the left hand side of the equation is constant the solution should be a constant,yp (t) = B.

From the differential equation,
d

dt
B+ 2B = 1, t ≥ 0 .

B = 1/2. Then the solution isy (t) = yh (t) + yp (t) = A · e−2t + Bu (t). The initial condition

y (0) = 0. The constantA is found from the initial value.

A+ 1/2 = 0

A = −1/2 .

Hence,

y (t) =






1

2

(

1− e−2t
)

, t ≥ 0

−
1

2
e−2t, t < 0 .

Since the systems is linear it should be initially rest. The complete solution or response to unit step

is,

s (t) = y (t)

=
1

2

(

1− e−2t
)

u (t) .
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The impulse response of the system is simply derivative of the unit step response,

h (t) =
ds (t)

dt

= e−2tu (t) .

The response to an arbitrary input is just convolution between input and the impulse response,

y (t) = x (t) ∗ h (t)

=

∞∫

−∞

x (τ)h (t− τ)dτ

=

∞∫

−∞

x (τ) e−2(t−τ)u (t− τ)dτ

= e−2t

t∫

−∞

x (τ) e2τdτ

A2b)

First solve the difference equation forx [n] = u [n].

y[n] = 0.2y[n− 1] + 1, n ≥ 0 .
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y [−1] = 0

y [0] = 0.2y [−1] + 1 = 1

y [1] = 0.2y [0] + 1 = 1+ 0.2

y [2] = 0.2y [1] + 1 = 0.2+ 0.22

y [3] = 0.2y [2] + 1 = ((1+ 0.2) + 0.22)0.2+ 1 = 1+ 0.2+ 0.22 + 0.23

. . .

y [n] =

n∑

k=0

(0.2)k =
1− (0.2)n+1

1− 0.2
=

1− (0.2)n+1

0.8

Hence, the step response is

s [n] =
1− (0.2)n+1

0.8
u [n] .

The impulse response,

h [n] = s [n] − s [n − 1]

= 0.2nu(n) .

The response to an arbitrary input is just convolution between input and the impulse response,

y [n] = x [n] ∗ h [n]

=

∞∑

k=−∞

x [k]h [n− k]

=

∞∑

k=−∞

x [k] (0.2)
n−k

u [n− k]

= (0.2)
n

n∑

k=−∞

x [k] (0.2)
−k

A3a)
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ak =
1

2

1/2∫

−1/2

sin(2πt) e
−j

(

2π

2

)

kt
dt

=
1

2

0∫

−1/2

sin(2πt) e−jπktdt+
1

2

1/2∫

0

sin(2πt) e−jπktdt

= −
1

2

1/2∫

0

sin(2πt) ejπktdt+
1

2

1/2∫

0

sin(2πt) e−jπktdt

= −j

1/2∫

0

sin(2πt) sin(πkt)dt

sin(2πt) sin(πkt) = −
1

2
cos(π (2+ k) t) +

1

2
cos(π (2− k) t)

ak = j

1/2∫

0

cos(π (2+ k) t)dt− j

1/2∫

0

cos(π (2− k) t)dt

= j
1

2

1

π (2+ k)
sin(π (2+ k) t)

1/2

|
0

−j
1

2

1

π (2− k)
sin(π (2+ k) t)

1/2

|
0

=
1

2jπ(2+ k)
sin
(π

2
(2+ k)

)

−
1

2jπ(2− k)
sin
(π

2
(2+ k)

)

typesetting of the following needs to be corrected
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ak = j
1

2

1

π (2+ k)
sin(π (2+ k) t)

1/2

|
0

−j
1

2

1

π (2− k)
sin(π (2+ k) t)

1/2

|
0

=
1

2jπ (2+ k)
sin
(π

2
(2+ k)

)

−
1

2jπ (2− k)
sin
(π

2
(2+ k)

)

=
1

2jπ

[

1

2+ k
sin
(

k
π

2

)

+
1

2− k
sin
(

k
π

2

)

]

=
sin
(

kπ
2

)

2jπ

[

4

4− k2

]

x (t) =

∞∑

k=∞

2

jπ

sin
(

kπ
2

)

4− k2
ejπkt

A3b)

x (t) = a0 +

∞∑

k=1

2Re
[

ake
−j 2π

T0
kt
]

a0 = 0

Re
[

ake
−j 2π

T0
kt
]

= −
1

2π
sin

(

k
π

2

4

4− k2

)

x (t) =
−1

π

∞∑

k=1

4

4− k2
sin
(

k
π

2

)

sin(kπt)

A4a)
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d2y (t)

dt2
+ 0.5

dy (t)

dt
= x (t)

z1 (t) = y (t)

z2 (t) =
dy (t)

dt

z2 (t) =
dz1 (t)

dt
dz2 (t)

dt
= −0.5z2 (t) − z1 (t) + x (t)







dz1(t)

dt

dz2(t)

dt






=







0 1

−1 −0.5













z1 (t)

z2 (t)






+







0

1






x (t)

y (t) =

[

1 0

]

+ 0x (t)

A4b)

y [n] + 0.5y [n − 1] + y [n− 2] = x [n]

z1 [n] = y [n − 1]

z2 [n] = y [n − 2]

z2 [n] = z1 [n − 1]

z2 [n + 1] = z1 [n]

y [n] = x [n] − 0.5z1 [n] − z2 [n]

z1 [n + 1] = −0.5z1 [n] − z2 [n] + x [n]
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





z1 [n + 1]

z2 [n + 1]






=







−0.5 −1

1 0













z1 [n]

z2 [n]






+







1

0







y [n] =

[

−0.5 −1

]







z1 [n]

z2 [n]






+ 1x [n]
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QUESTIONS

Q1) Find Fourier transform of the following signal,

x (t) =






cos(πt) , −0.5 ≤ t ≤ 0.5

0, otherwise

Q2) Find Fourier transform of the following signal,

x (t) =






cos(πt/2) sin(4πt) , −1 ≤ t ≤ 1

0, otherwise

Q2) Find frequency response of the following system. And draw block diagram realization of the

system.
d2y (t)

dt2
+

dy (t)

dt
+ 2y (t) = 2x (t)

Q3) Find inverse Fourier transform of,

X (ω) = 4
sin2 (ω)

ω2
.

(Use the convolution property of Fourier transforms.)

Q4) Find complex and trigonometric Fourier series coefficients of, a) periodic convolution of
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sin(2πt) with itself, and b) periodic convolution of

x (t) =






0, −1/2 ≤ t ≤ 0

1, 0 ≤ t ≤ 1/2

x (t+ l) , l ∈ Z

with itself. (Use the periodic convolution property of Fourier series (ck = T0akbk).)
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QUESTIONS

Q1a) x (t) = (1− |t|) (u (t+ 1) − u (t− 1)) is given. Find and ploty (t) = x (2t− 2) −

x (2t− 4) − x (2t+ 1) + x (2t+ 2).

Q1b) x [n] =
1

2
δ [n+ 2] + δ [n] + 2δ [n− 2] is given. Find and ploty [n] = x [n/2− 1] −

x [n/2− 2] − x [n/2+ 1] + x [n/2+ 2].

Q2a) A continuous-time LTI system is described by the following first order differential equation.

d2

dt2
y (t) + 2

d

dt
y (t) + 2y (t) = 2x (t) .

Find i) unit step response, ii) impulse response, of the system and iii) response of the system to an

arbitrary input.

Q2b) A discrete-time LTI system is described by the following first order difference equation.

y [n] − 0.7y [n− 1] + 0.1y [n − 2] = 2x [n] − 0.7x [n− 1] .

Find i) unit step response, ii) impulse response, of the system and iii) response of the system to an

arbitrary input.

Q3) A periodic signal is given as,

x (t) =






sin
(π

2
t
)

, −1 ≤ t ≤ 1

x (t+ l · 2) , l ∈ Z
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Find a) complex Fourier series representation, b) trigonometric Fourier series representation of the

signal.

Q4a) Find state-space representation of
d2

dt2
y (t) + 0.5

d

dt
y (t) + y (t) = x (t). Choose state vari-

ables asz1 (t) = y (t) andz2 (t) =
d

dt
y (t).

Q4b) Find state-space representation ofy [n] + 0.5y [n− 1] + y [n− 2] = x [n]. Choose state

variables asz1 [n] = y [n − 1] andz2 [n] = y [n− 1] − y [n− 2].
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QUESTIONS

Q1) Find Fourier transform of the following signal,

x (t) =






cos(πt/2) sin(4πt) , −1 ≤ t ≤ 1

0, otherwise

Q2) Find frequency response of the following system. And draw block diagram realization of the

system.
d2y (t)

dt2
+ 2

dy (t)

dt
+ 2y (t) =

d2x (t)

dt2
+ 2

dx (t)

dt
+ x (t)

Q3) Find inverse Fourier transform of,

X (ω) = 2πe−2jω (u (ω+ 1) − u (ω− 1)) .

Q4) Letx (t) andy (t) are periodic signals with period ofT0. Prove that complex Fourier series

coefficients ofx (t)y (t) is,

x (t)y (t)
F
−→

∞∑

l=−∞

albk−l = ak ∗ bk .

whereak arebk are Fourier series coefficients ofx (t) andy (t) respectively.
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QUESTIONS

Q1) A continuous-time LTI system is described by the following first order differential equation.

d

dt
y (t) + 2y (t) = 2x (t) .

Find a) unit step response, b) impulse response.

Q2) A periodic signal is given as,

x (t) =






sin(4πt) + cos(4πt) , −0.5 ≤ t ≤ 0.5

0, −1 ≤ t < −0.5 and 0.5 < t ≤ 1

x (t+ l · 2) , l ∈ Z

Find trigonometric Fourier series representation (sine and cosine form) of the signal.

Q3) Find state-space representation of
d2

dt2
(t) + 0.5

d

dt
y (t) + y (t) = x (t). Choose state vari-

ables as z1 (t) = y (t) and z2 (t) = y (t) +
d

dt
y (t).

Q3) Find inverse Fourier transform of,

X (ω) = 4 e−jω sin2 (ω)

ω2
.

(Use the time shift and the convolution property of Fourier transforms).

Q4) System function (H (s))of an LTI causal and stable system have poles ats = −1 + j and

s = −1 − j and one zero ats = −1. h (t) is the impulse response of the system.h (0+) = 2
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and
dh (t)

dt

∣

∣

∣

∣

t=0+

= −2 are given. a) Find the system function and mark pole-zero locations and

specify the region of convergence on the s-plane. b) Find theimpulse response of the system.
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Answer the first4 questions. Q5, Q6, Q7 are left to you as exercises.

Exam time is 90 minutes.

QUESTIONS

Q1)

-

6

2

1

1 2−1−3

x (t)

t

Find, a)3x (−2t+ 3) , b)
∞∫

−∞

x (t)dt, c)
∞∫

−∞

x (2t)dt, d)
∞∫

−∞

x2 (t)dt, e)
∞∫

−∞

x2 (2t)dt.

Q2) Find complex Fourier series coefficients ofx (t), (To ≥ T ).

x̃ (t) =






A cos2
(π

T
t
)

, −
T

2
≤ t ≤ T

2

0, otherwise

x (t) =






x̃ (t) , −
To

2
≤ t ≤ To

2

x (t+ l · To) , l ∈ Z

Q3) Fourier series coefficients of a real and periodic signalfor k ≥ 0 is given as;

k 0 1 2 3 4 . . .∞

ak 1 2− j 3+ 4j 1− 2j 0
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The period is,To = 1 sec. Construct signal from its Fourier series.

Q4)

-

6
A

t

p (t)

−T/2 T/2
-

6

A

−A

T/2

−T/2 t

q (t)

Find and plot convolution ofp (t) with q (t).

Q5) Find Fourier transform of

a)δ (t),

b)

d

dt
(a (t) · b (t)) = a (t) · db (t)

dt
+

da (t)

dt
· b (t)

F [a (t)] = A (ω)

F [b (t)] = B (ω)

c) x (t) = e−atu (t), a > 0,

d) y (t) =
d

dt
(e−atu (t)), a > 0.

Hint :

a (t) = e−at

b (t) = u (t)
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Q6) Find Fourier transform of

a)x (t) = e−a|t|

(

u (t) −
1

2

)

, a > 0.

b) y (t) = lim
a→0

x (t)

Q7) Find complex Fourier series coefficients ofx (t).

x̃ (t) =






p (t) + jq (t) , −
T

2
≤ t ≤ T

2

0, otherwise

x (t) =






x̃ (t) ,

x (t+ l · To) , l ∈ Z

wherep (t) andq (t) are as in Q4.

(Sincex (−t) = x∗ (t), the Fourier series coefficients are real !).

Q8) The magnitude,

A (ω) =






Ao, −2πB ≤ ω ≤ 2πB

0, otherwise

and phase,

θ (ω) =






−π/2, ω ≤ 0

π/2, ω > 0

0, otherwise

of a Fourier transform are given. Find the inverse Fourier transform (X (ω) = A (ω) ejθ (ω)).

Q9) Find the bilateral Laplace transform of

a)δ (t),
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b)

d

dt
(a (t) · b (t)) = a (t) · db (t)

dt
+

da (t)

dt
· b (t)

L [a (t)] = A (s)

L [b (t)] = B (s)

c) x (t) = e−atu (t), a > 0,

d) y (t) =
d

dt
(e−atu (t)), a > 0.

Hint :

a (t) = e−at

b (t) = u (t)

Q10) Find the unilateral Laplace transform of

a)x (t) = e−at, a > 0,

b) y (t) =
d

dt
x (t).

Reminding :

Y (s) = sX (s) − x (0)

This property can be easily proved by employing partial integration method.
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ANSWERS

A1)

a) x (−3 t+ 3) = x (− (3 (t− 1))). The transformation of independent variable can be done in

three steps.

xa (t) = x (−t)

xb (t) = xa (3 t)

y (t) = 3 xb (t− 1)

Alternatively,

x (t) =






t+ 3, −3 ≤ t < −1

2, −1 ≤ t < 1

1, 1 ≤ t ≤ 2

y (t) =






3 (−3 t+ 3) + 9, −3 ≤ −3 t+ 3 < −1

6, −1 ≤ −3 t+ 3 < 1

3, 1 ≤ −3 t+ 3 ≤ 2

=






−9 t+ 18, 2 ≥ t >
4

3

6,
4

3
≥ t >

2

3

3,
2

3
≥ t ≥ 1

3

=






3,
1

3
≤ t ≤ 2

3

6,
2

3
< t ≤ 4

3

−9 t+ 18,
4

3
< t ≤ 2
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b)

∞∫

−∞

x (t)dt =

−1∫

−3

x (t)dt+

1∫

−1

x (t)dt+

2∫

1

x (t)dt

=
1

2
2 · 2+ 2 · 2+ 1 · 1

= 7

c)

∞∫

−∞

x (2t)dt =
1

2

∞∫

−∞

x (t)dt

=
7

2

d)

∞∫

−∞

x2 (t)dt =

−1∫

−3

x2 (t)dt+

1∫

−1

x2 (t)dt+

2∫

1

x2 (t)dt

=
1

2
2 · 22 + 2 · 22 + 1 · 12

= 13

e)

∞∫

−∞

x2 (2t)dt =
1

2

∞∫

−∞

x2 (t)dt

=
13

2

A2)
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ak =
1

To

T

2∫

−
T

2

A cos2
(π

T
t
)

e
−j

2π

To
kt

dt

=
2

To

T

2∫

0

A cos2
(π

T
t
)

cos

(

2π

To
kt

)

dt

=
A

To

T

2∫

0

cos

(

2π

T
t

)

dt+
A

To

T

2∫

0

cos

(

2π

T
t

)

cos

(

2π

To
kt

)

dt

=
A

To

T

2∫

0

cos

(

2π

T
t

)

dt+
A

2To

T

2∫

0

cos

(

2π

(

1

T
−

k

To

)

t

)

dt

+
A

2To

T

2∫

0

cos

(

2π

(

1

T
+

k

To

)

t

)

dt

= 0−

AT sin

(

Tπ k

To

)

4π (−To + kT)
−

AT sin

(

Tπ k

To

)

4π (To+ kT)

= −
AT 2k

2π

sin

(

Tπ k

To

)

k2T 2 − T 2
o

A3)
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x (t) =

∞∑

k=−∞

ak e
j
2π

To
kt

= 1+ (2+ j) e
−j

2π

To
t
+ (2− j) e

j
2π

To
t
+ (3− 4 j) e

−j
2π

To
2t

+(3+ 4 j) e
j
2π

To
2t

+ (1+ 2 j) e
−j

2π

To
3t

+ (1− 2 j) e
j
2π

To
3t

= 1+ 4 cos(2πt) + 2 sin(2πt) + 6 cos(4πt)

−8 sin(4πt) + 2 cos(6πt) + 4 sin(6πt)

A4) Suppose that,

g (t) =






A, −
T

4
≤ t ≤ T

4

0, otherwise

a (t) = g (t) ∗ g (t)

=






A2T

2

(

1−
2

T
|t|

)

, −
T

2
≤ t ≤ T

2

0, otherwise

The signals in terms ofg (t) are,

p (t) = g

(

t+
T

4

)

+ g

(

t−
T

4

)

q (t) = −g

(

t+
T

4

)

+ g

(

t−
T

4

)
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p (t) ∗ q (t) =

[

g

(

t+
T

4

)

+ g

(

t−
T

4

)]

∗
[

−g

(

t+
T

4

)

+ g

(

t−
T

4

)]

= −g

(

t+
T

4

)

∗ g
(

t+
T

4

)

+ g

(

t+
T

4

)

∗ g
(

t−
T

4

)

−g

(

t−
T

4

)

∗ g
(

t+
T

4

)

+ g

(

t−
T

4

)

∗ g
(

t−
T

4

)

= −a

(

t+
T

2

)

+ a (t) − a (t) + a

(

t−
T

2

)

= −a

(

t+
T

2

)

+ a

(

t−
T

2

)

A6)

a)

X (ω) =
jω

(jω)
2
− a2

b)

Y (ω) =
1

jω

A8)

x (t) =
Ao

πt
(cos(2πBt) − 1)
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QUESTIONS

Q1)x (t) = (1− |t|) (u (t+ 1) − u (t− 1)) is given. Find and ploty (t) = x (2t− 2)−x (2t− 4)−

x (2t+ 1) + x (2t+ 2).

Q2) A continuous-time LTI system is described by the following first order differential equation.

d2

dt2
y (t) + 2

d

dt
y (t) + 2y (t) = 2x (t) .

Find i) unit step response, ii) impulse response, of the system and iii) response of the system to an

arbitrary input.

Q3) A periodic signal is given as,

x (t) =






sin
(π

2
t
)

, −1 ≤ t ≤ 1

x (t+ l · 2) , l ∈ Z

Find a) complex Fourier series representation, b) trigonometric Fourier series representation of the

signal.

Q4) Find inverse Fourier transform of,

X (ω) = 2πe−2jω (u (ω+ 1) − u (ω− 1)) .
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Answer all questions. Exam time is 90 minutes.

QUESTIONS

Q1) Two discrete-time signals are given:

n a [n] b [n]

−2 1 0

−1 −2 −4

0 3 3

1 −1 3

2 1 −1

3 0 2

elsewhere 0 0

Find convolution,c [n] = a [n] ∗ b [n].

Q2) A second order linear time invariant system is given as

y [n] −
3

4
y [n − 1] +

1

8
y [n − 2] =

1

4
x [n− 1]

Find impulse response of the system (y [−2] = y [−1] = 0).

Q3) Find complex Fourier series coefficients ofx (t).
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-

6
A

t

p (t)

−T/2 T/2
-

6

A

−A

T/2

−T/2 t

q (t)

x̃ (t) =






p (t) + jq (t) , −
T

2
≤ t ≤ T

2

0, otherwise

x (t) =






x̃ (t) , −
To

2
≤ t ≤ To

2

x (t+ l · To) , l ∈ Z

whereTo > T .

Q4) Find the unilateral Laplace transform of

a)x (t) = e−at, a > 0,

b) y (t) =
d

dt
x (t).

Reminding :

Y (s) = sX (s) − x (0)

Q5) Find inverse Laplace transform of,

X (s) =
1

(s + 2)
2
(s + 3)

, Re[s] > −2

using partial fraction expansion.

Sami Arıca —DRAFT— PAGE 76 of 190



D
R
A
FT

EEE 314 Signals and Systems Final Exam June 09, 2006

Q6) The magnitude,

A (ω) =






Ao, −2πB ≤ ω ≤ 2πB

0, otherwise

and phase,

θ (ω) =






−π/2, ω ≤ 0

π/2, ω > 0

0, otherwise

of a Fourier transform are given. Find the inverse Fourier transform (X (ω) = A (ω) ejθ (ω)).
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ANSWERS

A1)

−2 ≤ k ≤ 2

−1 ≤ n− k ≤ 3 → −1+ k ≤ n ≤ 3+ k

−3 ≤ n ≤ 5

c [n] =

2∑

k=−2

a [k]b [n − k]

= a [−2]b [n+ 2] + a [−1]b [n+ 1] + a [0]b [n]

+a [1]b [n− 1] + a [2]b [n− 2]
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c [−3] = a [−2]b [−1]

= −4

c [−2] = a [−2]b [0] + a [−1]b [−1]

= 11

c [−1] = a [−2]b [1] + a [−1]b [0] + a [0]b [−1]

= −15

c [0] = a [−2]b [2] + a [−1]b [1] + a [0]b [0]

+a [1]b [−1]

= 6

c [1] = a [−2]b [3] + a [−1]b [2] + a [0]b [1]

+a [1]b [0] + a [2]b [−1]

= 6

c [2] = a [−1]b [3] + a [0]b [2] + a [1]b [1]

+a [2]b [0]

= −7

c [3] = a [0]b [3] + a [1]b [2] + a [2]b [1]

= 10

c [4] = a [1]b [3] + a [2]b [2]

= −3

c [5] = a [2]b [3]

= 2

c [n] = 0, n < −3 andn > 5
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A2)

h [n] −
3

4
h [n− 1] +

1

8
h [n− 2] =

1

4
δ [n − 1]

Forn < 02,

h [n − 2] = 2δ [n− 1] − h [n] + 6h [n− 1]

n = −1

h [−3] = 2δ [−2] − h [−1] + 6h [−2]

= 0

n = −2

h [−4] = 2δ [−3] − h [−2] + 6h [−3]

= 0

...

n < 0

h [n] = 0

Forn ≥ 0,

h [n] =
1

4
δ [n− 1] +

3

4
h [n− 1] −

1

8
h [n − 2]
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n = 0

h [0] =
1

4
δ [−1] +

3

4
h [−1] −

1

8
h [−2]

= 0

n = 1

h [1] =
1

4
δ [0] +

3

4
h [0] −

1

8
h [−1]

=
1

4

n = 2

h [2] =
1

4
δ [1] +

3

4
h [1] −

1

8
h [0]

=
3

8

n = 3

h [3] =
1

4
δ [2] +

3

4
h [2] −

1

8
h [1]

=
3

4
· 3
8
−

1

8
· 1
4

=
1

4
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n = 4

h [4] =
1

4
δ [3] +

3

4
h [3] −

1

8
h [2]

=
3

4
· 1
4
−

1

8
· 3
8

=
9

64

n = 5

h [5] =
1

4
δ [4] +

3

4
h [4] −

1

8
h [3]

=
3

4
· 9

64
−

1

8
· 1
4

=
19

256
...

n ≥ 0

h [n] =
2n − 1

4n

h [n] =
2n − 1

4n
u [n]

=

(

1

2

)n

u [n] −

(

1

4

)n

u [n]
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A3)

ak =
1

To

T/2∫

−T/2

p (t) e
−j

2π

To
k t

dt+ j
1

To

T/2∫

−T/2

q (t) e
−j

2π

To
k t

dt

=
2

To

T/2∫

0

p (t) cos

(

2π

To
k t

)

dt+
2

To

T/2∫

0

q (t) sin

(

2π

To
k t

)

dt

=
2A

To

T/2∫

0

cos

(

2π

To
k t

)

dt+
2A

To

T/2∫

0

sin

(

2π

To
k t

)

dt

ak =
2

To

To

2π k
sin

(

2π

To
k t

) 







T/2

0

−
2

To

To

2π k
cos

(

2π

To
k t

) 







T/2

0

=
A

πk
sin

(

πT

To
k t

)

+
A

πk

(

1− cos

(

πT

To
k t

))

A4)

a)

X (s) =

∞∫

0

e−a te−s tdt

= −
1

s + a
e−(s + a) t









∞

0

=
1

s+ a
e−(s + a) ∞ +

1

s + a

=
1

s+ a
, Re[s+ a] > 0,

Re[s] > −a

b)

x (0) = 1.
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Y (s) = s · 1

s + a
− 1

= −
a

s + a
, Re[s] > −a

A5)

X (s) =
1

(s + 2)
2
(s + 3)

=
A

s + 2
+

B

(s+ 2)
2
+

C

s+ 3

B = lim
s→−2

(s + 2)
2
X (s)

= 1

C = lim
s→−3

(s+ 3)X (s)

= 1

A = lim
s→−2

d

ds
(s+ 2)

2
X (s)

= lim
s→−2

d

ds

1

s + 3

= lim
s→−2

−
1

(s + 3)
2

= −1

L [t y (t)] = −
d

ds
Y (s)

1

(s+ 2)
2

= −
d

ds

1

(s + 2)
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{Re[s] > −2} = {Re[s] > −2} ∩ {Re[s] > −3}

e−2tu (t)
L←→

1

(s + 2)
, Re[s] > −2

e−3tu (t)
L←→

1

(s + 3)
, Re[s] > −3

t e−2tu (t)
L←→

1

(s + 2)
2
, Re[s] > −2

x (t) = −e−2tu (t) + t e−2tu (t) + e−3tu (t)

A6)

x (t) =
1

2π

∞∫

−∞

A (ω) ejθ (ω)ejωtdω

=
1

2π

0∫

−2πB

Aoe
−j

π

2 ejωtdω +
1

2π

2πB∫

0

Aoe
j
π

2 ejωtdω

=
Ao

2π

2πB∫

0

e
−j

π

2 e−jωtdω+
Ao

2π

2πB∫

0

e
j
π

2 ejωtdω

=
Ao

2π

2πB∫

0

e
−j
(

ωt+
π

2

)

dω+
Ao

2π

2πB∫

0

e
j
(

ωt+
π

2

)

dω

=
Ao

π

2πB∫

0

cos
(

ωt+
π

2

)

dω

= −
Ao

π

2πB∫

0

sin(ωt)dω
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x (t) = −
Ao

π

2πB∫

0

sin(ωt)dω

=
Ao

π

1

t
cos(ωt)









2πB

0

=
Ao

π t
(cos(2πBt) − 1)
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Answer all questions. Exam time is 90 minutes.

QUESTIONS

Q1) A first order linear time invariant system is given as

y [n] −
1

4
y [n− 1] = x [n] − x [n− 1] .

Find impulse response of the system (y [−1] = 0).

Q2) Two discrete-time signals are given:

n a [n] b [n]

−1 −2 −4

0 3 3

1 −1 3

2 1 −1

elsewhere 0 0

Find convolution,c [n] = a [n] ∗ b [n].

Q3) Find complex Fourier series coefficients ofx (t) =

(

cos(πt) + sin

(

1

2
πt

))2

.

Q4) Find inverse Laplace transform of,

X (s) =
1

(s + 2) (s+ 3)
2
, Re[s] > −2

using partial fraction expansion.
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Q5) Find the unilateral Laplace transform ofx (t) = cos(2t) .
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QUESTIONS

Q1) Find trigonometric Fourier series of periodic signal1,

x (t) = 0.5− [ | t | ]2 =






0.5− | t | , −1 ≤ t ≤ 1

x (t− ` · 2) , ` ∈ Z

Q2) Consider thatx (t) is an even periodic signal with fundamental periodTo and has zero average

value. Then its trigonometric Fourier series representation is

x (t) =

∞∑

k=1

ak cos

(

k
2π

To
t

)

Find Fourier series representation for

y (t) =

t∫

−∞

x (τ) dτ

in terms of the series coefficients ofx (t).

Q3) Find Fourier transform of a)δ (t), b) δ (t− to), c)
∞∑

`=−∞

δ (t− ` · To),

d) ejωot.

Q4) Find inverse Fourier transform of a)2πδ (ω), b)2πδ (ω−ωo), c)
2π

To

∞∑

`=−∞

δ (ω− ` ·ωo),

d) e−jωto.

Q5) System function of an LTI system is given. The poles of thesystem function ares = −5j and

s = 5j. The system function has one zero located ats = −1. AndH (0) =
2

25
.

1The moduloN is denoted byb = [a]N, or in other waya = b ( modN ). By definition, their difference is
exactly divisible byN ((a− b) /N has no reminder). Note thatb ≥ 0.
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a) Write the system functionH (s). b) Write the differential equation describing the system.c)

Find the impulse response.

Q6)

1

−1

0.5 1.0−0.5−1.0−1.5

s (t)

t

A periodic signalx (t) is obtained from the aperiodic signal shown in the followingfigure;x (t) =
∞∑

`=−∞

s (t− ` · 2). Find period ofy (t) = 2x (t/3) − x (t/5).

Q7) A block diagram implementation of an LTI system is given below.

∑

∑

1

s

1

s

−25

2

2

x (t)

y (t)
q2 (t)

q1 (t)

a) Find system function of the system. b) Write state-space equations for the state variables shown
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in the figure.

Q8) The delta-dirac function is limit case of,δ (t) = lim
a→0

p (t) .

p (t) =
1

π

a

a2 + t2
, a > 0.

The integral and derivative ofp (t) ;

∫
p (t) dt =

∫
1

π

a

a2 + t2
dt

=
1

π
arctan

(

t

a

)

.

d (t) =
d

dt
p (t)

= −
2

π

a t

a2 + t2
.

lim
a→0

∞∫

∞

f (t)
1

π

a

a2 + t2
dt =

∞∫

∞

f (t) δ (t) dt = f (0) .

Show that,

lim
a→0

∞∫

∞

f (t) d (t) dt =

∞∫

∞

f (t) δ′ (t) dt = −f′ (0) .
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(use partial integration method) and

lim
a→0

∞∫

∞

d (t) dt =

∞∫

∞

δ′ (t) dt = 0 .

Q9) An LTI system characterized by a differential equation;

d3

dt3
y (t) + 3

d2

dt2
y (t) + 12

d

dt
y (t) + 10y (t) = 9x (t)

is given.

a) Find the impulse response (by time domain solution of the differential equation). b) Find the

system response. c) For state variables,q1 (t) = y (t) andq2 (t) = ẏ (t) andq3 (t) = ÿ (t) find

state-space equations.

Q10) Trigonometric Fourier series representation of periodic signal

x (t) =






1, −1/4 ≤ t ≤ 1/4

0, −1/2 ≤ t < −1/4 and 1/4 < t ≤ 1/2

x (t− `) , ` ∈ Z

is

x (t) =
1

2
−

∞∑

k=1

2

π (2 k− 1)
(−1)

k cos(2π (2 k− 1) t) .

Plot the first2, 5 and,10 terms of the series for−1/2 ≤ t ≤ 1/2.
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Q11) Find trigonometric Fourier series of periodic signal,

x (t) = cos2 (π t) .

Q12) Find Fourier transform of,

x (t) =






1− | t | , −1 ≤ t ≤ 1

0, elsewhere

Q13) Find inverse Laplace transform of

H (s) =
s+ 2

(s+ 3) (s2 + 2 s+ 5)
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ANSWERS

A1)

1

−1

1 2−1−2
t

x (t)

0.5+ t 0.5− t

To = 2

To = 2 sec andωo =
2 π

To
= π rad/sec. The one period of the signal is a triangle shape. It consists

of three triangles. The area under one period is

1

2
·
(

1

2
·
(

−
1

2

))

· 2+ 1

2
·
(

1 · 1
2

)

= 0 .

Then,a0 = 0. x (t) = x (−t). x (t) is an even function. The trigonometric Fourier series does not

contain sin terms.bk = 0.

ak =
2

2
·

0∫

−1

x (t) cos(kπ t) dt+
2

2
·
1∫

0

x (t) cos(kπ t) dt

= 2 ·
1∫

0

x (t) cos(kπ t) dt, ( x (t) cos(kπ t) is an even function)

= 2 ·
1∫

0

(

1

2
− t

)

cos(kπ t) dt =

1∫

0

(1− 2t) cos(kπ t) dt

employ partial integration method, let

u = 1− 2t,→ du = −2t dt

dv = cos(kπ t) dt,→ v =
1

π k
sin(kπ t)
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ak = (1− 2t) · 1

π k
sin(kπ t)

1

|
0

+2 ·
1∫

0

1

π k
sin(kπ t) dt

= −
1

π k
sin(kπ) − 2 · 1

π k
· 1

π k
cos(kπ t)

1

|
0

= −
1

π k
sin(kπ) −

2

π2k2
cos(kπ) +

2

π2k2

= −
2

π2k2
cos(kπ) +

2

π2k2
, ( sin(kπ) = 0 )

=
4

π2k2
sin2

(

k
π

2

)

. ( 2 sin2 (θ) = 1− cos(2θ) )

a2k−1 =
4

π2 (2k− 1)
2
, a2k = 0 .

x (t) =

∞∑

k=1

4

π2 (2k− 1)
2

cos((2k− 1) π t) .

A2)

y (t) =

t∫

−∞

x (τ) dτ

=

t∫

−∞

∞∑

k=1

ak cos

(

k
2π

To
τ

)

dτ

=

∞∑

k=1

ak

t∫

−∞

cos

(

k
2π

To
τ

)

dτ

=

∞∑

k=1

ak

To

2πk
sin

(

k
2π

To
t

)

y (t) is an odd function. It has only sin terms and the coefficients,bk = ak

To

2πk
.

A3)
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a)

F [δ (t)] =

∞∫

−∞

δ (t) e−jωt dt

=

0−∫

−∞

δ (t) e−jωt dt+ δ (0) e−jω·0 dt+

∞∫

0+

δ (t) e−jωt dt

= 0+ δ (0) dt+ 0

= 1

b)

F [δ (t− to)] =

∞∫

−∞

δ (t− to) e
−jωt dt

= δ (0) e−jω·to dt = e−jω·to

c)

F
[

∞∑

`=−∞

δ (t− ` · To)
]

=

∞∑

`=−∞

F [δ (t− ` · To)]

=

∞∑

`=−∞

e−jω·`·To

=
2π

To

∞∑

`=−∞

δ

(

ω− ` · 2π
To

)

See the footnote2.

2The Fourier transform sums to zero forω 6= k · 2π
To

and sums to infinity forω = k · 2π
To

. Using Fourier series;

∞∑

`=−∞

ej`θ =

∞∑

`=−∞

e−j`θ =

2

∞∑

`=0

cos(`θ) + 1 =

∞∑

`=1

2πδ (θ− ` · 2π)
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d)

F
[

ejωot
]

=

∞∫

−∞

ejωot e−jωt dt

=

∞∫

−∞

e−j t(ω−ωo) dt

= 2πδ (ω−ωo)

See the footnote3.

A4)

a)

F−1 [2πδ (ω)] =
1

2π

∞∫

−∞

2πδ (ω) ejωt dω = 1

b)

F−1 [2πδ (ω−ωo)] =
1

2π

∞∫

−∞

2πδ (ω−ωo) e
jωt dω = ejωot

c)

F−1

[

2π

To

∞∑

`=−∞

δ

(

ω− ` · 2π
To

)

]

=
1

To

∞∑

`=−∞

F−1

[

2πδ

(

ω− ` · 2π
To

)]

=
1

To

∞∑

`=−∞

e
jt·`·

2π

To

3The integral sums to zero forω 6= 0 and sums to infinity forω = 0. Using Fourier transform;

∞∫

−∞

ej αθ dα =

∞∫

−∞

e−j α θ dα = 2πδ (θ)
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d)

F
[

e−jωto
]

=
1

2π

∞∫

−∞

e−jωto ejωt dω

=
1

2π

∞∫

−∞

ejω(t−to) dω

= δ (t− to)

A5)

a)

H (s) =
A (s + 1)

(s+ 5j) (s− 5j)
=

A (s+ 1)

s2 + 25

H (0) =
A

25
=

2

25

A = 2

b)

Y (s)

X (s)
=

2 (s+ 1)

s2 + 25

s2Y (s) + 25Y (s) = 2sX (s) + 2X (s)

d2

dt2
y (t) + 25y (t) = 2

d

dt
x (t) + 2x (t)
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c)

0+∫

0−

[

d2

dt2
y (t)

]

dt+ 25

0+∫

0−

y (t) dt =2

0+∫

0−

[

d

dt
δ (t)

]

dt +2

0+∫

0−

δ (t) dt

y′ (0+) − y′ (0−) + 0 =2 · 0 +2

y′ (0+) =2

See4

0+∫

0−

[

d

dt
y (t)

]

dt+ 25

0+∫

0−

[

D−1y (t)
]

dt =2

0+∫

0−

δ (t) dt +2

0+∫

0−

u (t) dt

y (0+) − y (0−) + 0 =2 +0

y (0+) =2

d2

dt2
y (t) + 25y (t) = 0, for t > 0

The impulse response is the solution of the differential equation for t > 0. The characteristic

polynomial has complex conjugate roots.

y (t) = K∗e−j5t + Kej5t

4

D−2y (t) =

t∫

−∞

τ∫

−∞

y (ξ) dξdτ

D−1y (t) =

t∫

−∞

y (τ) dτ

Dy (t) =
d

dt
y (t)

D2y (t) =
d2

dt2
y (t)
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K =
A

2
+ j

B

2

y (t) =

(

A

2
− j

B

2

)

e−j5t +

(

A

2
+ j

B

2

)

ej5t

= A cos(5t) + B sin(5t)

y′ (t) = −5A sin(5t) + 5B cos(5t)

y (0+) = A = 2

y′ (0+) = 5B = 2

B =
2

5

y (t) = 2 cos(5t) u (t) +
2

5
sin(5t) u (t)

A6) Fundamental period ofx (t) is 2 sec. Consider thatTo is fundemental period ofy (t).

y (t+ To) = 2x

(

t+ To

3

)

− x

(

t+ To

5

)

= 2x

(

t

3
+

To

3

)

− x

(

t

5
+

To

5

)

To/3 andTo/5 have to be multiple of2 sec.

t

3
= ` · 2

t

5
= k · 2, `

k
=

5

3

` = 5, k = 3⇒ To = 30 sec.

The frequencies ofx (t/3) andx (t/6)must be integer multiples (harmonics) of frequency ofy (t).
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Then,

m · 1

To
=

1

6

n · 1

To
=

1

10

m

n
=

5

3

m = 5, n = 3⇒
1

To
=

1

30
Hz.

A7)

∑

∑

1

s

1

s

−25

2

2

x (t)

y (t)
q2 (t)

q1 (t)

W (s)

X (s) −
25

s2
W (s) = W (s)

W (s)

(

1+
25

s2

)

= X (s)

W (s) =
s2

s2 + 25
X (s)

2

s
W (s) +

2

s2
W (s) = Y (s)

(

2 (s+ 1)

s22

)

W (s) = Y (s)
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Y (s) =

(

2 (s + 1)

s2

)

s2

s2 + 25
X (s) =

2 (s + 1)

s2 + 25
X (s)

H (s) =
2 (s+ 1)

s2 + 25

b)

q̇1 (t) = q2 (t)

q̇2 (t) = −25q1 (t) + x (t)

y (t) = 2q1 (t) + 2q2 (t)







q̇1 (t)

q̇2 (t)






=







0 1

−25 0






·







q1 (t)

q2 (t)






+







0

1






· x (t)

y (t) =

[

2 2

]

·







q1 (t)

q2 (t)







A8)

∞∫

−∞

δ (t) dt = lim
a→0+

∞∫

−∞

p (t) dt

= lim
a→0+

1

π
arctan

(

t

a

)

∞

|
−∞

= lim
a→0+

1

π

(π

2
−
(

−
π

2

))

= 1
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∞∫

−∞

δ′ (t) dt = lim
a→0+

∞∫

−∞

d (t) dt

= lim
a→0+

p (t)
∞

|
−∞

= lim
a→0+

(p (∞) − p (−∞))

= 0

∞∫

−∞

f (t) δ′ (t) dt = lim
a→0+

∞∫

−∞

f (t) d (t) dt

= lim
a→0+



f (t) p (t)
∞

|
−∞

−

∞∫

−∞

f′ (t) δ (t) dt





= lim
a→0+

[ f (∞) p (∞) − f (−∞) p (−∞) − f′ (0) ]

= −f′ (0)

A9)

a)

D3y (t) + 3D2y (t) + 12Dy (t) + 10y (t) = 9x (t)

0+∫

0−

Dy (t) dt+ 3

0+∫

0−

y (t) dt+ 12

0+∫

0−

D−1y (t) dt+ 10

0+∫

0−

D−2y (t) dt = 9

0+∫

0−

D−2δ (t) dt

y (0+) − y (0−) + 3 · 0+ 12 · 0+ 10 · 0 = 9 · 0

y (0+) = 0
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See5

0+∫

0−

D2y (t) dt+ 3

0+∫

0−

Dy (t) dt+ 12

0+∫

0−

y (t) dt+ 10

0+∫

0−

D−1y (t) dt = 9

0+∫

0−

D−1δ (t) dt

y′ (0+) − y′ (0−) + 3 · (y (0+) − y (0−)) + 12 · 0+ 10 · 0 = 9 · 0

y′ (0+) = 0

0+∫

0−

D3y (t) dt+ 3

0+∫

0−

D2y (t) dt+ 12

0+∫

0−

Dy (t) dt+ 10

0+∫

0−

y (t) dt = 9

0+∫

0−

δ (t) dt

y′′ (0+) − y′′ (0−) + 3 · (y′ (0+) − y′ (0−)) + 12 · (y (0+) − y (0−)) + 10 · 0 = 9 · 1

y′′ (0+) = 9

The impulse response is zero input response for,

D3y (t) + 3D2y (t) + 12Dy (t) + 10y (t) = 0, t ≥ 0+

y′′ (0+) = 9, y′ (0+) = 0, y (0+) = 0

The characteristics polynomial,

λ3 + 3λ2 + 12λ+ 10 = (λ+ 1)
(

λ2 + 2λ+ 10
)

The roots are,λ1 = −1, λ2 = −1 + 3j, andλ3 = −1− 3j.

The estimated solution for real root,λ1 = a isK ea t. The solution for the complex conjugate roots

5Integral of a signal is continuos if it has only finite discontinuties. Leta (t) is continuous signal.b (t) =

a (t) + K · u (t) is discontinuous att = 0. (b (0−) = a (0−), b (0+) = a (0+) + K).

c (t) =

t∫

−∞

b (τ) dτ =

t∫

−∞

a (τ) dτ + K tu (t).

c (0−) = c (0+).
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λ2 = a+ jb andλ3 = a− jb isAea t cos(b t) + Bea t sin(b t). Then,

y (t) = K e−t +Ae−t cos(3 t) + Be−t sin(3t)

and

y′ (t) = −Ke−t −Ae−t cos(3 t) − 3Ae−t sin(3 t) − Be−t sin(3 t) + 3 Be−t cos(3 t)

y′′ (t) = Ke−t − 8Ae−t cos(3 t) + 6Ae−t sin(3 t) − 8 Be−t sin(3 t) − 6 Be−t cos(3 t)

Employing the initial conditions we get,

K+A = 0

−K−A+ 3B = 0

K− 8A− 6B = 9

From the first and second equations,B = 0 is obtained. And from the first and the third equations

it is easly found thatK = 1, andA = −1. The impulse response is then,

y (t) = e−t (1− cos(3 t)) u (t) .

b)

s3Y (s) + 3s2Y (s) + 12sY (s) + 10Y (s) = 9X (s)

H (s) =
Y (s)

X (s)
=

9

s3 + 3s2 + 12s+ 10
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c) q1 (t) = y (t) andq2 (t) = ẏ (t) andq3 (t) = ÿ (t). Then,

q̇1 (t) = q2 (t)

q̇2 (t) = q3 (t)

From the differential equation,

q̇3 (t) + 3q3 (t) + 12q2 (t) + 10q1 (t) = 9x (t)

q̇3 (t) = −3q3 (t) − 12q2 (t) − 10q1 (t) + 9x (t)













q̇1 (t)

q̇2 (t)

q̇3 (t)













=













0 1 0

0 0 1

−10 −12 −3













·













q1 (t)

q2 (t)

q3 (t)













+













0

0

1













· x (t)

y (t) =

[

1 0 0

]

·













q1 (t)

q2 (t)

q3 (t)













A10)

1

0.5−0.5

t

x (t)

n = 2
n = 5
n = 10
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A11)

x (t) = cos2 (π t)

=
1

2
+

1

2
cos(2πt)

The period ofx (t) is To = 1sec. The trigonometric Fourier series coefficients of area0 =
1

2
,

a1 =
1

2
, andak = 0 for k = 2, 3, . . . ,∞ .

A12)

1

−1

0.5−0.5−1.0

t

p (t)

1

−1

1−1

t

y (t)

1

−1

1−1

t

x (t)

The signalx (t), can be derived fromp (t) andy (t);

x (t) = p (t) ∗ p (t)

x (t) =

t∫

−∞

y (τ) dτ = y (t) ∗ u (t)

and

y (t) = p (t+ 0.5) − p (t− 0.5) .

Then,

X (ω) = P (ω) · P (ω)
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P (ω) =

1/2∫

−1/2

e−jωt dt

= 2

1/2∫

0

cos(ωt) dt =
2

ω
sin
(ω

2

)

X (ω) = P2 (ω)

=
4

ω2
sin2

(ω

2

)

A13)

H (s) =
s + 2

(s+ 3) (s2 + 2 s+ 5)
=

s+ 2

(s + 3) (s + 1− 2j) (s + 1+ 2j)

=
A

s+ 3
+

B

s + 1− 2j
+

C

s + 1+ 2j

=
−1/8

s+ 3
+

1/16− (3/16) j

s + 1− 2j
+

1/16+ (3/16) j

s + 1+ 2j

A = lim
s→−3

(s + 3) H (s) = −
1

8

B = lim
s→−1+2j

(s + 1− 2j) H (s) =
1

16
−

3

16
j

C = lim
s→−1−2j

(s + 1+ 2j) H (s) =
1

16
+

3

16
j

The inverse Laplace transform;

h (t) = −
1

8
e−3t u (t) +

(

1

16
−

3

16
j

)

e(−1+2j) t u (t) +

(

1

16
+

3

16
j

)

e(−1−2j) t u (t)

= −
1

8
e−3t u (t) +

1

8
e−t (cos(2t) + 3 sin(2t)) u (t) .
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QUESTIONS

Q1) Find the Fourier transform of ;

a)

x (t) =






2, −1 ≤ t < 0

−1, 0 ≤ t < 2

0, elsewhere

b)

y (t) =






2 t+ 2, −1 ≤ t < 0

−t+ 2, 0 ≤ t < 2

0, elsewhere

Q2) Find the trigonometric Fourier series coefficients of;

y (t) =






sin(2πt) , −
1

2
≤ t <

1

2

0, −1 ≤ t < −
1

2
and

1

2
≤ t < 1

y (t+ ` · 2) , ` ∈ Z

Q3) Find inverse Laplace transform of

a)

H (s) =
1

(s+ 2) (s2 + 9)

b)

H (s) =
s

(s+ 2) (s2 + 9)
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Q4) A block diagram implementation of an LTI system is given below.

∑ ∑

∑

1

s

1

s

−25

2

2

x (t) y (t)

q2 (t)

q1 (t)

a) Find system function of the system. b) Write state-space equations for the state variables shown

in the figure.

Q5) An LTI system characterized by a differential equation;

d2

dt2
y (t) + 2

d

dt
y (t) + 10y (t) = 9x (t)

is given.

a) Find the impulse response (by time domain solution of the differential equation). b) Find the

system response.
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ANSWERS

A1)

a)

X (ω) =

0∫

−1

2 · e−jωt dt+

2∫

0

(−1) · e−jωt dt

= −
2

jω
e−jωt

∣

∣

∣

∣

0

−1

+
1

jω
e−jωt

∣

∣

∣

∣

2

0

= −
2

jω
+

2

jω
ejω +

1

jω
e−2jω −

1

jω

= ejω/2 2

jω

(

ejω/2 − e−jω/2
)

+ e−jω 1

jω

(

e−jω − ejω
)

= ejω/2 4

jω
sin(ω/2) − e−jω 2

jω
sin(ω)

= 2 ejω/2 sin(ω/2)

ω/2
− 2 e−jω sin(ω)

ω

b)

y (t) =

t∫

−∞

x (τ) dτ

Y (ω) =
1

jω
X (ω) + πX (0) δ (ω)

X (0) = 0

Y (ω) =
2

jω
ejω/2 sin(ω/2)

ω/2
−

2

jω
e−jω sin(ω)

ω

A2) The period isTo = 2 sec andωo = π rad/sec.

y (t) = −y (−t)

Sami Arıca —DRAFT— PAGE 111 of 190



D
R
A
FT

EEE 314 Signals and Systems Final Exam June 07, 2007

The signal is an odd function. The Fourier series does not contain dc and cos terms.

bk =

1/2∫

−1/2

sin(2 πt) sin(kπt) dt

= −
1

2

1/2∫

−1/2

cos((2+ k) πt) dt+
1

2

1/2∫

−1/2

cos((2− k) πt) dt

= −
1

2

1

π (2+ k)
sin((2+ k) πt)

∣

∣

∣

∣

1/2

−1/2

+
1

2

1

π (2− k)
sin((2− k) πt)

∣

∣

∣

∣

1/2

−1/2

= −
1

π (2+ k)
sin

(

1

2
(2+ k) π

)

+
1

π (2− k)
sin

(

1

2
(2− k) π

)

=
1

π (2+ k)
sin

(

kπ

2

)

+
1

π (2− k)
sin

(

kπ

2

)

=
4

π (4− k2)
sin

(

kπ

2

)

b2 ` = 0

b2 `−1 =
4 (−1)

1+`

π
(

4− (2`− 1)
2
)

y (t) =

∞∑

`=1

4 (−1)
1+`

π
(

4− (2`− 1)
2
) sin((2`− 1) πt)

A3)

a)
1

(s + 2) (s2 + 9)
=

A

s+ 2
+

B

s + j3
+

C

s − j3

A = lim
s→−2

(s+ 2)
1

(s + 2) (s2 + 9)
=

1

11

B = lim
s→−j3

(s + j3)
1

(s + 2) (s2 + 9)
= lim

s→−j3

1

(s+ 2) (s− j3)
=

1

18− j12
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C = B∗ =
1

18+ j12

h (t) =
1

11
e−2 t +

1

18− j12
e−j3 t +

1

18+ j12
ej3 t

=
1

11
e−2 t +

1

6

1

3− j2
e−j3 t +

1

6

1

3+ j2
ej3 t

=
1

11
e−2 t +

1

6 · 11 (3+ j2) e−j3 t +
1

6 · 11 (3− j2) ej3 t

=
1

11
e−2 t +

1

11

(

cos(3 t) +
2

3
sin(3 t)

)

, t > 0 .

b)

L−1

[

s

(s+ 2) (s2 + 9)

]

=
d

dt
L−1

[

1

(s + 2) (s2 + 9)

]

h (t) = −
2

11
e−2 t +

1

11
(−3 sin(3 t) + 2 cos(3 t)) , t > 0 .

A4)
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∑ ∑

∑

1

s

1

s

−25

2

2

x (t) y (t)

q2 (t)

q1 (t)

A (s)

a)

A (s) = −
25

s2
A (s) + X (s)

A (s)

(

1+
25

s2

)

= X (s)

Y (s) = A (s) +
2

s
A (s) +

2

s2
A (s)

Y (s) = A (s)

(

1+
2

s
+

2

s2

)

Y (s) =
s2 + 2s+ 2

s2
s2

s2 + 25
X (s)
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H (s) =
Y (s)

X (s)
=

s2 + 2s+ 2

s2 + 25

b)

q̇1 (t) = q2 (t)

q̇2 (t) = −25 q1 (t) + x (t)

y (t) = −25 q1 (t) + x (t) + 2 q2 (t) + 2 q1 (t)

= −23 q1 (t) + 2 q2 (t) + x (t)

A5)

D2 y (t) + 2Dy (t) + 10 y (t) = 9 x (t)

Dy (t) + 2 y (t) + 10D−1 y (t) = 9D−1 x (t)

0+∫

0−

[Dy (t)] dt+ 2

0+∫

0−

y (t) dt+ 10

0+∫

0−

[

D−1 y (t)
]

dt = 9

0+∫

0−

[

D−1 δ (t)
]

dt

y (0+) − y (0−) + 2 · 0+ 10 · 0 = 9 · 0

y (0+) = 0

0+∫

0−

[

D2 y (t)
]

dt+ 2

0+∫

0−

[Dy (t)] dt+ 10

0+∫

0−

y (t) dt = 9

0+∫

0−

δ (t) dt

y′ (0+) − y′ (0−) + 2 · 0+ 10 · 0 = 9 · 1

y′ (0+) = 9
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d2

dt2
y (t) + 2

d

dt
y (t) + 10y (t) = 0, t > 0 .

λ2 + 2 λ+ 10 = 0

λ1,2 = −1± j3

y (t) = Ae(−1+j3) t + Be(−1−j3) t

y′ (t) = A (−1+ j3) e(−1+j3) t + B (−1− j3) e(−1−j3) t

y (0+) = A+ B = 0

y′ (0+) = A (−1 + j3) + B (−1− j3) = 9

A+ B = 0

−A+ B = j3

A = −
3

2
j

B =
3

2
j

y (t) = −
3

2
j e(−1+j3) t +

3

2
j e(−1−j3) t

= 3 e−t sin(3 t) , t > 0 .
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QUESTIONS

Q1) Find Fourier transform of the following continuous timesignal.

y (t) =






t, 0 ≤ t < 1,

1, 1 ≤ t ≤ 2,

0, otherwise

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∫
teat dt =

1

a
teat −

1

a2
eat + C

∫
eat dt =

1

a
eat + C

1∫

0

teat dt+

1∫

1

eat dt =
1

a
e2a −

1

a2
ea +

1

a2

∫
t cos(at+ b) dt = t

1

a
sin(at+ b) +

1

a2
cos(at+ b) + C

Q2) Find complex Fourier series of the following periodic signal derived from the signal given in

Q1.

x (t) =






y (t) , 0 ≤ t ≤ 2,

x (t+ ` · 2) , ` ∈ Z

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Y (ω) = F [y (t) ]
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ak =
1

To
Y

(

2π

To
k

)

=
1

2
Y (πk )

Q3) Find convolution of

e−a·t u (t) , a > 0

with itself.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

z (t) = y (t) ∗ x (t)

=

∞∫

−∞

y (λ) x (t− λ) dλ

z (t) =

∞∫

−∞

e−aλ u (λ) · e−a(t−λ) u (t− λ) dλ

= e−at

∞∫

−∞

u (λ) · u (t− λ) dλ

u (λ) · u (t− λ) =






1, 0 < λ < t

0, otherwise
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z (t) = e−at

t∫

0

dλ , t > 0

= te−at

z (t) = te−at u (t)

Q4) Plot one sided discrete magnitude and phase spectrum of the following signal (A cos(2π · f · t+ φ)

represents an oscillation andA is the magnitude andφ is the phase of this oscillation).

x (t) = 1+ 2 cos(2π t+ π/3) + 3/2 cos(4π t+ 2π/3) − 1/2 cos(6π t) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

freq. (Hz)

mag.

f

A

freq. (Hz)

phase (rad.)

f

φ

Q5) Fourier transform of a continuous time signal is given as

X (ω) =
1− jω

(1+ jω) (3+ jω)
.

Find inverse Fourier transform of the signal by employing partial fraction expension method. Note

that

F
[

e−a·t u (t)
]

=
1

a+ jω
, for a > 0 ,
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and
a+ s

(b+ s) (c+ s)
=

a− b

c− b

1

b+ s
+

a− c

b− c

1

c+ s
. X

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The following equation is obtained by multiplying Eq. (X) by minus :

−a − s

(b+ s) (c + s)
=

b− a

c− b

1

b+ s
+

c− a

b− c

1

c + s
.

Comparing this withX (ω) it is seen that :

a = −1, b = 1, c = 3 .

Therefore partial fraction expansion ofX (ω) is

1− jω

(1+ jω) (3+ jω)
=

1

1+ jω
−

2

3+ jω
.

Q6) Generate a discrete time signal by sampling the following continious time signal. The sam-

pling rate isTs = 0.5 sec.

x (t) =






1−
1

2
|t| −2 ≤ t ≤ 2,

x (t+ ` · 4) , ` ∈ Z

Plot the discrete time signal.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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n

x [n]

−7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7

1 0.75
0.5

0.25
0

x [n] = x (n · Ts)

= x (2 · n) .

Q7) Test the linearity and causality of the following systems.

a)
d

dt
y (t) + 2 y (t) = x (t) ,

x (t) is input andy (t) is output.

b)

y [n− 1] +
1

2
y [n] = x [n] .

x [n] is input andy [n] is output.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

A linear system has to satisfy the following property:

Input Output

x1 −→ y1

x2 −→ y2

αx1 + βx2 −→ αy1 + βy2

If initials values of an differentiation equation (difference equation in discrete time case) are zero
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the homogenous solution of the differential equation is zero. This means the response is zero for

t < 0. So the system described by the differential equation is causal. In other case when the dif-

ferential equation has non-zero initial values causality will be violated. The linearity will also be

failed. Because the differential equation response will becomposed of particular solution (a linear

time invariant and casual system response to the inputx (t)) and homogenous solution.

Q8) Can the following Fourier series representation of a periodic signal converge ? Why ?

x (t) = 1+

∞∑

n=1

1

n (n + 1)
cos(2πn t) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∞∑

n=11

1

n (n+ 1)
=

∞∑

n=1

[

1

n
−

1

n+ 1

]

=

∞∑

n=1

1

n
−

∞∑

n=1

1

n+ 1

=

∞∑

n=1

1

n
−

∞∑

n=2

1

n

= 1 .

Q9) The unit step function can be considered as limit ofe−a·t u (t):

u (t) = lim
a→0+

e−a·t u (t) .

a) Using this property find the Fourier transform (U (ω)) of u (t). What is

lim
ω→0

U (ω) = ?
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b) The following relation

u (t) = 1− u (−t) ,

yields

U (ω) +U (−ω) = 2πδ (ω) .

The above result shows that the Fourier transform of unit step function should be

U (ω) = A (ω) +
1

jω
.

FindA (ω).

Q10) Find

a) the Fourier transform ofδ (t) andej(2π/To) k·t,

b) and the inverse Fourier transform ofδ (ω) andδ (ω− (2π/To) k).

Q11) Does Fourier transform of

x (t) =
1

1+ t
u (t)

exist ? Find,

a)
∞∫

−∞

|x (t)| dt
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b)
∞∫

−∞

|x (t)|
2
dt

Q12) Does Fourier transform of

x [n] =
1

1+ n
u [n]

exist ? Find,

a)
∞∑

−∞

|x [n]|

b)
∞∑

−∞

|x [n]|
2

Q13) Find impulse response of the following system.

y
′′

(t) + 2y
′

(t) + 5y (t) = x (t) .

Q14) Find complex Fourier series of the following periodic signal.

x (t) =






− cos(π t) , 0 ≤ t ≤ 1,

x (t+ `) , ` ∈ Z .
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QUESTIONS

Q1) Frequency response of a linear time invariant and casualcontinuous-time system is given as

follows:

H (ω) =
1

(jω)
2
+ 2jω+ 5

.

a) Find the corresponding differential equation of the frequency response. (10p)

b) Find the impulse response of the system by calculating inverse Fourier transform of the fre-

quency response. (15p)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a)

H (ω) =
Y (ω)

X (ω)

=
1

(jω)
2
+ 2jω+ 5

[

(jω)
2
+ 2jω+ 5

]

Y (ω) = X (ω)

(jω)
2
Y (ω) + 2jωY (ω) + 5Y (ω) = X (ω)

y ′′ (t) + 2y ′ (t) + 5y (t) = x (t) .
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b)H (ω) is partitioned as follows.

H (ω) =
1

(jω)
2
+ 2jω+ 5

=
1

(jω+ 1+ 2j) (jω+ 1− 2j)

=
A

jω+ 1+ 2j
+

B

jω+ 1− 2j

A = lim
jω→−1−2j

(jω+ 1+ 2j) ·H (ω)

= lim
jω→−1−2j

1

jω+ 1− 2j
= −

1

4j

B = lim
jω→−1+2j

(jω+ 1− 2j) ·H (ω)

= lim
jω→−1+2j

1

jω+ 1+ 2j
=

1

4j

H (ω) =
0.25j

jω+ 1+ 2j
−

0.25j

jω+ 1− 2j

h (t) = 0.25j e(−1−2j)t u (t) − 0.25j e(−1+2j)t u (t)

= e−t
[

0.25j e−2jt − 0.25j e2jt
]

u (t)

=
1

2
e−t sin(t) u (t) .

Q2) Complex Fourier series coefficients of a periodic signalwith period of2 sec. are given as
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follows:

a0 = −1, a1 = 1 a−1 = 1

a2 = −0.5j a−2 = 0.5j .

Find the periodic signal. (20p)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x (t) = a−2e
2π
To

·(−2) t + a−1e
2π
To

·(−1) t + a0 + a1e
2π
To

t + a2e
2π
To

·2·t

= 0.5j · e−2π t + 1 · e−π t − 1+ 1 · eπ t − 0.5j · e2π t

= −1+ 2 cos(πt) + sin(2πt) .

Q3) Step response of a linear time invariant system is given as follows:

s (t) = et sin(t) · u (t) −
1

2
cos(t) .

a) Is the system stable ? Why ?

b) Is the system causal ? Why ?

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a) lim
t→∞

s (t) −→∞. System is unstable. (7.5p)

b) Input is zero fort < 0 but outputs (t) = −
1

2
cos(t) 6= 0 for t < 0. System is non-causal.

(7.5p)
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Q4) Find complex Fourier series coefficients (not the trigonometric Fourier series coefficients) of

the following periodic signal: (20p)

x (t) =






1, 0 < t <
1

2

−1, −
1

2
< t < 0

x (t+ `) , ` ∈ Z .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ak = −

0∫

−1/2

e−j2πkt dt+

1/2∫

0

e−j2πkt dt

= −

1/2∫

0

ej2πkt dt+

1/2∫

0

e−j2πkt dt

=

1/2∫

0

(

−ej2πkt + e−j2πkt
)

dt

ak = −2j

1/2∫

0

sin(2πkt) dt

=
2j

2πk
cos(2πkt)

∣

∣

∣

∣

1/2

0

=
1

jπk
(1− cos(πk))

a2k−1 =
2

jπ (2k − 1)

a2k = 0, k ∈ Z .
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Q5) A linear time invariant system is described by the following constant coefficient linear differ-

ential equation.

y ′ (t) + 2y (t) = x (t) .

a) Find impulse response of the system by solving the differential equation in time domain. (10p)

b) Find the response for the input (15p)

x (t) = e−t u (t) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a)

0+∫

0−

y ′ (t) dt+ 2

0+∫

0−

y (t) dt =

0+∫

0−

δ (t) dt

y (t)

∣

∣

∣

∣

0+

0−

+ 2 · 0 = u (t)

∣

∣

∣

∣

0+

0−

y (0+) − y (0−) = u (0+) − u (0−)

u (0−) = 0 and,y (0−) = 0 since the system is causal. Therefore,

y (0+) = 1 .

The characteristic equation of the differential equation is (then th derivative ofy (t) : y(n) (t) is

replaced byDn):

D+ 2 = 0
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The root of the characteristic equation isD = −2. The homogenous solution of the system is then

y (t) = Ae−2t, t > 0 .

From the initial condition unknown constantA is found:

y (0+) = A = 1 .

The impulse response of the system is

y (t) = e−2tu (t) .

b)

y (t) = e−2tu (t) ∗ e−tu (t)

=

t∫

0

e−2λ · e−(t−λ) dλ

= e−t

t∫

0

e−λ dλ

= −e−t · e−λ

∣

∣

∣

∣

t

0

= −e−t ·
(

e−t − 1
)

= e−t − e−2t, t > 0 .

y (t) =
(

e−t − e−2t
)

u (t) .
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Q6) Find the Fourier transform of

e−(a+jb)t u (t) .

Does the signal have Fourier transform for alla ∈ R. If not, what is the interval ofa ∈ R where

Fourier transform exist ? Where complex number−a−jb falls in the comlex plane for this interval

of a.

Q7)

a) Does inverse Fourier transform ofδ (ω−ωo) exist ? If yes, find the inverse Fourier transform.

b) Using the result above find Fourier transform of

∞∑

k=−∞

ake
j 2π
To

kt .

Q8) Find Fourier transform of

y (t) = x (t) cos(ωot)

in terms ofX (ω) = F [ x (t) ]. For

X (ω) =






A+
A

ω1

t, −ω1 < t < 0

A−
A

ω1

t, 0 < t < ω1

0, otherwise

plot Y (ω).
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ω

X (ω)

−ω1 ω1

A

Q9) Find complex Fourier series of the following periodic impulse train.

x (t) =

∞∑

`=−∞

δ (t− ` · To) , ` ∈ Z .

Q10) Find step response of the following system.

y ′ (t) + ay (t) = y (t) .

You don’t need to calculatey (0+). Only an impulse can impose initial values att = 0+.

∞∫

−∞

f (t) δ (t− to) dt = f (to)

F
[

e−(a+jb)t u (t)
]

=
1

jω+ a+ jb
, a > 0

F [ x ′ (t) ] = jωX (ω)
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∞∫

−∞

δ (t) e−jωt dt = 1,

∞∫

−∞

ejωt dω = 2πδ (t)

cos(α) =
1

2
e−jα +

1

2
ejα

sin(α) = −
1

2j
e−jα +

1

2j
ejα

Re

Im

b

a

b a+ jb

Complex plane
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QUESTIONS

Q1)

a) Find Fourier transform of the above signal(15 p).

t

x (t)

−1

1

−1

1

b) A periodic signaly (t) is generated from aperiodic signalx (t);

y (t) =

∞∑

`=−∞

x (t− ` · 2) .

Find the complex Fourier series coefficients of this signal by employing the Fourier transform

obtained in Q1a(5 p) .

Supplementary:
∫
teat dt =

1

a
teat −

1

a2
eat + c

Q2)

a) Find inverse Fourier transform of the following Fourier transform by using partial fraction ex-

pansion method(10 p).

Y (ω) =
2

1+ω2

Hint: Y (ω) ∈ R. ThereforeY (ω) = X (ω) + X∗ (ω). For real signals,F [x (−t)] = X∗ (ω).

b) Find the Fourier transform of

z (t) =
2

1+ t2

by using duality property of the Fourier transform(10 p).
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Supplementary:

The duality property:

y (t)
F←→ Y (ω)

z (t) = Y (t)
F←→ Z (ω) = 2πy (−ω)

eatu (t)
F←→

1

−a+ jω
, a < 0 .

Q3) Find impulse response of the following causal LTI systems. Integrating both side twice and

once in the interval of[0−, 0+] yields initial conditions;y′ (0+) = 1 andy (0+) = 0. a > 0 and

b > 0. Solve the problem in time domain.

a)y′′ (t) + (a+ b)y′ (t) + aby (t) = x (t) (10 p).

b) y′′ (t) + 2ay′ (t) +
(

a2 + b2
)

y (t) = x (t) (10 p).

Supplementary:

Euler’s Identity

ejθ = cos(θ) + j sin(θ)

Q4) Find convolution of the above signals(20 p).

−1 1

1

t

x (t)

t

h (t)

−1 1

1

Hint: Evaluate the convolution integral for the intervals;I. t < −2, II. −2 ≤ t < 0, III. 0 ≤ t < 2,

IV. t ≥ 2.
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Q5) Transfer function of a causal LTI system is given as following. a) Find Poles, zeros and ROC

of H (s). Show poles, zeros and ROC in the s-plane(10 p) . b) Find the impulse response of the

system by using partial fraction expansion method(10 p).

H (s) =
s+ 2

(s+ 3) (s + 4)
2

Supplementary:

L
[

eatu (t)
]

=
1

−a+ s
, ROC= Re[s] > a

L
[

teatu (t)
]

=
1

(−a + s)
2
, ROC= Re[s] > a

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Q6) The following causal LTI system is given.

∑+

−
X (s) E (s)

A (s)

B (s)

Y (s)
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A (s) =
1

a

B (s) =
s2

a

Fora = 1,

a) find the transfer function of the system.

b) find the impulse response of the system.

c) Check the stability. Is system stable ?

Q7) A causal LTI system is given as following

2y′′ (t) + 10y′ (t) + 12y (t) = 2x′ (t) + 3x (t)

a) Find the transfer function of the system.

b) Use partial fraction expansion method to find the inverse Laplace transform of the transfer func-

tion and consequently impulse response of the system.

Q8) A causal LTI system is given as following

a0y
′′ (t) + a1y

′ (t) + a2y (t) = bx (t)

New variables which are called as state variable can be generated as below

z1 (t) = y (t)

z2 (t) = y′ (t) = z′1 (t)
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The derivative ofz2 (t) can be extracted from the differential equation

a0z
′

2 (t) + a1z2 (t) + a2z1 (t) = bx (t)

z′2 (t) = −
a1

a0

z2 (t) −
a2

a0

z1 (t) +
b

a0

x (t)

These equations leads to the following matrix equation







z′1 (t)

z′2 (t)






=







0 1

−
a2

a0

−
a1

a0






·







z1 (t)

z2 (t)






+







0

b

a0






x (t)

The modest form is

z′ (t) = A · z (t) + bx (t)

This equation is known as state equation and matrixA is called as state-transition matrix. The

solution of this vector differential equation is

z (t) = eA(t−to)z (to) + eAt

t∫

to

e−Aλbx (λ) dλ

Here,eAt is the matrix exponential. The matrix exponential is a matrix function on square matrices:

eAt =

∞∑

n=0

An

n!
tn

Find the state variables for the constants,a0 = 1 , a1 = 3, a2 = 2, andb = 1.

Q8)The following signal

x (t) = cos(2πt) + cos(4πt) + cos(6πt)
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is input to a filter with a frequency response ofH (f). The values of the frequency response at

f = 1, f = 2, andf = 3 Hz are

H (1) = 1 · e−jπ/4

H (2) =
1

3
· e−jπ/2

H (3) =
1

5
· e−j3π/4

a) Find the Fourier transform ofx (t).

b) Find the outputy (t) of the filter by using the convolution property of the Fouriertransform.
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ANSWERS

A1)

a)

X (ω) =

∞∫

−∞

x (t) e−jωtdt

=

1∫

−1

te−jωtdt

=
t

−jω
e−jωt

1
∣

∣

∣

∣

∣

−1

−
1

(−jω)
2
e−jωt

1
∣

∣

∣

∣

∣

−1

= −
1

jω
e−jω −

1

jω
ejω +

1

ω2
e−jω −

1

ω2
ejω

=
2j

ω
cos(ω) −

2j

ω2
sin(ω)

=
2j

ω2
(ω cos(ω) − sin(ω))

b) Since the periodic signal is generated from the aperiodicsignal the complex Fourier series co-

efficients can be obtained from the Fourier transform of the aperiodic signal.

ak =
1

To
X

(

2π

To
k

)

To = 2

2π

To
k = πk
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ak =
1

2
X (πk)

= −
1

jπ k
cos(πk) +

1

jπ2 k2
sin(πk)

= j
πk cos(πk) − sin(πk)

π2 k2

The above equation gives coefficients for allk ∈ Z. It can be further simplified by replacing

cos(πk) = (−1)
k and sin(πk) = 0. Notice thatak =

0

0
, whenk = 0, therefore undefined.

Actually asy (t) is an odd signal we know thata0 = 0. Applying L’Hospital’s rule we can find

this. But be careful,ak is a discrete function of integerk, not a a function of a continuous variable.

Hence simplifications is valid for discretek but limit is defined for continuous variables and we

may not obtain true value ofa0 after simplifications. A a result, we separatea0 from the simplified

version ofak.

ak =






−
1

jπ k
(−1)

k
, k ∈ Z − {0}

0, k = 0

A2)

a) TheY (ω) can be partitioned into partial fractions as below.

Y (ω) =
2

1+ω2

=
A

1− jω
+

B

1+ jω

A = lim
jω→1

(1− jω)
2

1+ω2
= lim

jω→1

2

1+ jω
= 1

B = lim
jω→−1

(1+ jω)
2

1+ω2
= lim

jω→−1

2

1− jω
= 1

Y (ω) =
1

1− jω
+

1

1+ jω
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F−1

[

1

1+ jω

]

= e−tu (t)

F−1

[

1

1− jω

]

= F−1

[(

1

1+ jω

)∗]

=
[

e−tu (t)
]

t→−t

= etu (−t)

Therefore,

y (t) = e−tu (t) + etu (−t)

= e−| t |

b) Here,

z (t) = [Y (ω) ]ω→t =
2

1+ t2

We can utilize the duality property to find the Fourier transform ofz (t).

Z (ω) = 2π [y (t) ]t→−ω = 2πe−|ω |

A3) The impulse response, as it appears in its name, is response to the impulse at the input. Im-

pulse is exerted at timet = 0 and disappears after (t > 0). Since the system is causal the output

(response) is zero fort < 0. The response fort > 0 need to be computed and can be found by

solving the homogenous differential equation (response tozero input).

a)

y′′ (t) + (a+ b)y′ + aby (t) = 0, t > 0

The characteristic equation is

D2 + (a+ b)D+ ab = 0
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The roots of the characteristic equation

(D+ a) (D+ b) = 0

D1 = −a

D2 = −b

Then the solution is

y (t) = C1e
D1t + C2e

D2t = C1e
−at + C2e

−bt

The unknown coefficients are found from the initial values imposed by the impulse att = 0+.

y (t) = C1e
−at + C2e

−bt

y′ (t) = −aC1e
−at − bC2e

−bt

y (0+) = C1 + C2 = 0

y′ (0+) = −aC1 − bC2 = 1

C1 =
1

−a+ b

C2 =
1

a− b

Finally we get,

y (t) =
1

−a+ b
e−atu (t) +

1

a− b
e−btu (t)
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b) The same steps are repeated to find the impulse response.

y′′ (t) + 2ay′′ +
(

a2 + b2
)

y (t) = 0, t > 0

The characteristic equation is

D2 + 2aD+
(

a2 + b2
)

= 0

The roots of the characteristic equation

(D+ a+ jb) (D+ a− jb) = 0

D1 = −a− jb

D2 = −a+ jb

Then the solution is

y (t) = C1e
D1t + C2e

D2t = C1e
(−a−jb)t + C2e

(−a+jb)t

The unknown coefficients are found from the initial values imposed by the impulse att = 0+.

y (t) = C1e
(−a−jb)t + C2e

(−a+jb)t

y′ (t) = (−a − jb)C1e
(−a−jb)t + (−a+ jb)C2e

(−a+jb)t

y (0+) = C1 + C2 = 0

y′ (0+) = (−a− jb)C1 + (−a+ jb)C2 = 1
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C1 = −
1

2jb

C2 =
1

2jb

Replace the coefficients iny (t)

y (t) = −
1

2jb
e(−a−jb)t +

1

2jb
e(−a+jb)t

y (t) =
1

b
e−at

[

−
1

2j
e−jbt +

1

2j
ejbt
]

=
1

b
e−at sin(bt)

We obtain

y (t) =
1

b
e−at sin(bt)u (t)

A4) The convolution integral:

y (t) =

∞∫

−∞

h (λ) x (t− λ) dλ

The graphical illustration ofx (t− λ) andh (λ) are as shown below. As both signals has finite

−1+ t 1+ t

1

λ

x (−λ+ t)

λ

h (λ)

−1 1

1

supports (exist only in finite interval) the integral shouldbe calculated for specified time intervals.

I. For t < −2, h (λ) · x (t− λ) = 0. Hence,y (t) = 0.
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II. For −2 ≤ t < 0,

y (t) =

1+t∫

−1

h (λ) x (t− λ) dλ =
1

2
· 1
2
(2+ t) · (2+ t) =

1

4
(2+ t)

2

III. For 0 ≤ t < 2,

y (t) =

1∫

−1+t

h (λ) x (t− λ) dλ =
1

2
·
(

1

2
t+ 1

)

(2− t) =
1

4

(

4− t2
)

IV. For t > 2, h (λ) · x (t− λ) = 0. Therefore,y (t) = 0.

Then the convolution integral is as follows.

y (t) =






1

4
(2+ t)

2
, −2 ≤ t < 0

1

4

(

4− t2
)

, 0 ≤ t < 2

0, otherwise

−2 2

1

t

y (t)

A5)

a) The transfer function has one zero and two poles.

s = −2, is zero

s = −3 ands = −4 are poles. Because the system is causal the ROC is right side of a vertical line

which is bearing the rightmost pole.
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ROC= Re[ s ] > −3

Re

Im

−2−3−4

b)

H (s) =
s + 2

(s + 3) (s + 4)
2

=
A

(s + 3)
+

B

(s + 4)
+

C

(s+ 4)
2

A = lim
s→−3

(s + 3)H (s) = lim
s→−3

s + 2

(s+ 4)
2
= −1

C = lim
s→−4

(s + 4)
2
H (s) = lim

s→−4

s + 2

(s + 3)
= 2

B = lim
s→−4

d

ds
(s + 4)

2
H (s) =

d

ds
lim
s→−4

s+ 2

(s+ 3)

= lim
s→−4

(

1

(s + 3)
−

s + 2

(s + 3)
2

)

= 1

Therefore,

H (s) = −
1

(s+ 3)
+

1

(s+ 4)
+

2

(s + 4)
2

Sami Arıca —DRAFT— PAGE 147 of 190



D
R
A
FT

EEE 314 Signals and Systems Midterm Exam I March 31, 2010

The inverse Laplace transform of the system function yieldsthe impulse response of the system.

F−1 [H (s) ] = h (t) = −e−3tu (t) + e−4tu (t) + te−4tu (t)
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Answer all questions. Exam time : 150 minutes.

QUESTIONS

Q1) The following signals are given

x (t) =






−
1

2
t− 1, −2 < t < 0

2t− 1, 0 ≤ t < 1

−t+ 2, 1 ≤ t < 2

0, elsewhere

x [n] = −δ [n + 2] − 2δ [n + 1] − 3δ [n] − 1.5δ [n− 1] + δ [n− 2] + 2δ [n− 3] + 0.5δ [n− 4]

a) Plotx (t) andx (−2t+ 4). Find energy of the signal.(8 p)

b) Plotx [n] andx [−n + 2]. Find energy of the signal.(9 p)

Q2) Find inverse transform of the following Fourier transforms.

a) Magnitude and phase of Fourier transform of a continuous time signal is given as(9 p)

M (ω) =
1√

ω2 + 1

θ (ω) = − arctan(ω)

b) Fourier transform of a discrete time signal is given as(8 p)

X (ω) = 3ej3ω + 2ej2ω + ejω − 1− 2e−jω − 3e−j2ω

Q3) Find impulse response of the following LTI and causal systems. Use time domain method.
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a) (8 p)

y′′ (t) + 4y′ (t) + 3y (t) = x (t)

Initial values of the impulse response arey′ (0+) = 1 andy (0+) = 0.

b) (9 p)

y [n] −
14

15
y [n− 1] +

1

5
y [n− 2] = x [n]

Initial values of the impulse response arey [0] = 1 andy [1] =
14

15
.

Q4) Find

a) Bi-lateral Laplace transform of(8 p)

x (t) =
1

2
e−tu (t) −

1

2
e3tu (−t) .

Do not forget to specify the ROC.

b) z-transform of(9 p)

x [n] = −
5

4

(

1

3

)n

u [n] +
9

4

(

3

5

)n

u [−1− n] .

Do not forget to specify the ROC.

Q5) In particular a system may or may not be

1. Memoryless

2. Time-invariant

3. Linear

4. Causal
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5. Stable

Determine which of these properties hold which do not hold for each of the following signals.

Justify your answer. In each exampley (t) or y [n] denotes the system output, andx (t) or x [n] is

the system input.(17 p)

(a) y (t) = ex(t)

(b) y (t) = x (t− 1) − x (1− t)

(c) y (t) = [ sin(6t) ] x (t)

(d) y [n] = x [n] x [n− 1]

(e) y [n] = x [n− 2] − x [n− 17]

(f) y [n] = nx [n]

Q6) Find convolution of the signals given below(15 p)

−1 1

1

t

x (t)

t

h (t)

−1 1

1

A.

∫
(at+ b)

2
dt =

1

3a
(at+ b)

3
+ c

B.
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eatu (t)
F←→ 1

jω− a
, a < 0

−eatu (−t)
F←→ 1

jω− a
, a > 0

C.L denotes bi-lateral Laplace transform.UL denotes uni-lateral Laplace transform.

eatu (t)
L←→ 1

s − a
, Re[s] > a

−eatu (−t)
L←→ 1

s − a
, Re[s] < a

D.

anu [n]
F←→ 1

1− ae−jω
, |a| < 1

−anu [−1− n]
F←→ 1

1− ae−jω
, |a| > 1

E.Z denotes bi-lateral z-transform.UZ denotes uni-lateral z-transform.

anu [n]
Z←→ 1

1− az−1
, ROC= |z| > |a|

−anu [−1− n]
Z←→ 1

1− az−1
, ROC= |z| < |a|

F. Solution of homogenous differential equation

y′′ (t) + ay′ (t) + by (t) = 0
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is

y (t) = C1e
s1t + C2e

s2t

s1 ands2 are roots of the characteristic equation

D2 + aD+ b = 0

and constantsC1 andC2 are determined from the initial conditions.

G. Solution of homogenous difference equation

y [n] + ay [n − 1] + by [n− 2] = 0

is

y [n] = C1α
n
1 + C2α

n
2

α1 andα2 are roots of the characteristic equation

D2 + aD+ b = 0

and constantsC1 andC2 are determined from the initial conditions.

H. Convolution integral

z (t) =

∞∫

−∞

x (λ)y (t− λ)dλ

If x (t) andy (t) are time limited functions you should specify integral interval(s) wherex (λ)y (t− λ) 6=

0.
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I. Fourier transform for continuous-time signals

X (ω) =

∞∫

−∞

x (t) e−jωtdt x (t) =
1

2π

∞∫

−∞

X (ω) ejωtdω

J. Fourier transform for discrete-time signals

X (ω) =

∞∑

n=−∞

x [n] e−jωn x [n] =
1

2π

π∫

−π

X (ω) ejωndω

K. Bi-lateral Laplace transform

X (s) =

∞∫

−∞

x (t) e−stdt x (t) =
1

2πj

a+∞∫

a−∞

X (s) estds

L. z-transform for discrete-time signals

X (z) =

∞∑

n=−∞

x [n] z−n x [n] =
1

2πj
	

∫

C

X (z) zn−1dz
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M. Complex Fourier series for continuous-time signals

ak =
1

T0

t0+T0∫

t0

x (t) e
−j 2π

T0
kt
dt x (t) =

∞∑

k=−∞

ake
j 2π
T0

kt

N. Complex Fourier series for discrete-time signals

ak =
1

N

n0+N∑

n=n0

x [n] e−j 2π
N

kn x [n] =

k0+N∑

k=k0

ake
j 2π
N

kn

ANSWERS

A1)

a)

−2

−1

1

1

2 t

x (t)

1

−1

1

3
t

x (−2t+ 4)

The value ofx (t) at timet = ta; x (ta) appears at the transformed signal at timet = 2−
ta

2
= tb

ta tb

-2 3
0 2
1 1.5
2 1
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∞∫

−∞

x2 (t)dt =

0∫

−2

(

−
1

2
t− 1

)2

dt+

1∫

0

(2t− 1)
2
dt+

2∫

1

(−t+ 2)
2
dt

= −
2

3

(

−
1

2
t− 1

)3
0
∣

∣

∣

∣

∣

−2

+
1

6
(2t− 1)

3

1
∣

∣

∣

∣

∣

0

−
1

3
(−t+ 2)

3

2
∣

∣

∣

∣

∣

1

=
4

3

b)

The value ofx [n] at timen = na; x [na] appears at the transformed signal at timen = 2− na =

n

x [n]

n

x [−n + 2]

−2 −1 0

1 2 3 4

nb

na nb

-2 4
-1 3
0 2
1 1
2 0
3 -1
4 -2
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∞∑

n=−∞

x2 [n] =

4∑

n=−2

x2 [n]

= (−1)
2
+ (−2)

2
+ (−3)

2
+ (−1.5)

2
+ 12 + 22 + 0.52

= 21.5

A2)

a)

1+ jω =
(

1+ω2
)1/2

ej arctan(ω)

(1+ jω)
−1

=
(

1+ω2
)−1/2

e−j arctan(ω)

1

jω+ 1

F−1

−→ e−tu (t)

b)

X (ω) = 3ej3ω + 2ej2ω + ejω − 1− 2e−jω − 3e−j2ω

= 3e−j(−3)ω + 2e−j(−2)ω + e−j(−1)ω − 1 · e−j 0·ω − 2e−j 1·ω − 3e−j 2·ω

=

2∑

n=−3

x [n] e−jωn

A3)

a) Impulse response is just solution of homogenous differential equation att > 0. This is be-

cause impulse appears in the input at timet = 0 and specify the initial values of the system and
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n x [n]

-3 3
-2 2
-1 1
0 -1
1 -2
2 -3

elsewhere 0

disappears after. The characteristic equation of the system is as

D2 + 4D+ 3 = 0

The roots of the characteristic equation

(D+ 3) (D+ 1) = 0 ⇒ D1 = −3, D2 = −1

Then the impulse response

y (t) = C1e
−3t + C2e

−t

The constants are found from the initial values.

y (0+) = C1 + C2 = 0

y′ (0+) = −3C1 − C2 = 1







1 1

−3 −1






·







C1

C2






=







0

1













C1

C2






=

1

2







−1 −1

3 1






·







0

1













C1

C2






=

1

2







−1

1






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Finally we get the impulse response

y (t) = −
1

2
e−3tu (t) +

1

2
e−tu (t)

b)

Impulse response can be found by following similar approachto the above.

D2 −
14

15
D+

1

5
=

(

D−
3

5

)(

D−
1

3

)

⇒ D1 =
3

5
, D2 =

1

3

y [n] = C1

(

3

5

)n

+ C2

(

1

3

)n

y [0] = C1 + C2 = 1

y [1] = C1

3

5
+ C2

1

3
=

14

15







1 1

3/5 1/3






·







C1

C2






=







1

14/15













C1

C2






= −

15

4







1/3 −1

−3/5 1






·







1

14/15













C1

C2






=

1

4







9

−5







The impulse response is

y [n] =
9

4

(

3

5

)n

u [n] −
5

4

(

1

3

)n

u [n]

A4)

a)
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e−tu (t)
L
−→

1

s + 1
, Re[s] > −1

−e3tu (−t)
L
−→

1

s − 3
, Re[s] < 3

X (s) =
1

2

1

s+ 1
+

1

2

1

s− 3

=
s − 1

(s+ 1) (s− 3)
, −1 < Re[s] < 3

b)

(

1

3

)n

u [n]
Z
−→

1

1−
1

3
z−1

, ROC= |z| >
1

3

−

(

3

5

)n

u [−1− n]
Z
−→

1

1−
3

5
z−1

, ROC= |z| <
3

5

X (z) = −
5

4

1

1−
1

3
z−1

−
9

4

1

1−
3

5
z−1

= −
7

2

1−
3

7
z−1

(

1−
1

3
z−1

)(

1−
3

5
z−1

) , ROC=
1

3
< |z| <

3

5

A5) Definition of system properties

Memoryless or system with no memory: A system is said to be memoryless if output depends only

present value of the input.

Time-invariance: A system is time invariant if it does not change its characteristics in time. It
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produces the same output to the same input at any time it is applied to the system.

Linearity: A system is linear if output is linearly dependent on the input. It does not depend on the

exponential powers of the input.

Causality: A system is causal if it generates output only after input isapplied.

Stability: A system is stable if output is bounded for a bounded input.

Memoryless Time-invariant Linear Causal Stable

a + + - - +
b - + + - +
c + - + + +
d - + - + +
e - + + + +
f + - + + -
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QUESTIONS

Q1) The following signals are given

x (t) =






t+ 1, −1 ≤ t < 0

1, 0 ≤ t < 1

−1, 1 ≤ t < 2

0, 1otherwise

x [n] = −2 δ [n+ 3]+3 δ [n + 2]+4 δ [n + 1]−5 δ [n]−4 δ [n − 1]+2 δ [n − 2]−1 δ [n− 3]+2 δ [n− 4]

a) Plotx (t) andx (−t/2+ 3/2). Compute energy ofx (t).

b) Plotx [n] andx [−n/2 + 3/2]. Compute energy ofx [n].

Q2) Find Fourier transform of

a)e−t cos(2t)u (t) andte−2t u (t),

b)

(

1

2

)n

cos[2n]u [n] andn

(

1

2

)n

u [n]

Q3)

a) Find convolution integral of the following continuous-time signals

e−2t u (t) ∗ e−t u (t)

e−t u (t) ∗ e−t u (t)

e−2t u (t) ∗ t e−t u (t)
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b) Find convolution sum of the following discrete-time signals

(

1

3

)n

u [n] ∗
(

1

2

)n

u [n]

(

1

2

)n

u [n] ∗
(

1

2

)n

u [n]

(

1

3

)n

u [n] ∗ n

(

1

2

)n

u [n]

Q4)

a) Transfer (system) function of an LTI and causal continuous-time system is given as in the fol-

lowing

H (s) =
s+ 1

(s + 2) (s2 + 4s + 5)

Find the impulse response.

b) Transfer (system) function of an LTI and causal discrete-time systems is given as in the following

H (z) =
2 z
(

12 z2 − 15 z+ 4
)

(2 z− 1)
2
(3 z− 1)

Find the impulse response.

Q5) A continuous-time LTI and causal system is given as in thefollowing. The continuous-time

signals are sampled with a sampling interval ofT = 0.05 sec.

d

dt
y (t) + 4 y (t) = x (t)

Find the corresponding difference equation by approximating the differential equation. Use a)

backward difference approximation, b) bilinear transform.
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Q6) Find Fourier transform of the following signals.

a)

x (t) =






−1, −1 ≤ t < 0

1, 0 ≤ t < 1

0, otherwise

b)

x (t) = e−t cos(2t) u (t)

c)

x [n] =






−1, n = −4,−3,−2,−1

1, n = 1, 2, 3, 4

0, elsewhere

d)

x [n] =

(

1

3

)n

cos[2n] u [n]

Q7) Block diagram of an LTI and causal system is given as in thefollowing
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+ +

+ +

D−1

D−1

5/6 -7/15

-1/6 2/15

K (z)X (z) Y (z)

a) Find the system functionH (z). b) Find the corresponding difference equation of the system.

Q8) Prove the following z-transform properties.

a)

Z [ x [n] ∗ y [n] ] = X (z)Y (z) , ROC⊆ (Rx ∩ Ry )

b)

Z
[

n∑

k=−∞

x [n]

]

=
1

1− z−1
X (z) , ROC⊆ [Rx ∩ ( |z| > 1 ) ]

Hint:
n∑

k=−∞

x [n] = u [n] ∗ x [n]

c)

Z [an x [n] ] = X
( z

a

)

, ROC= |a|Rx

Q9) Determine properties (memoryless, causality, linearity, time-invariance, stability) of the fol-

lowing systems. Justify your answers clearly.

a)
d

dt
y (t) + ty (t) = x (t)
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b)
d

dt
y (t) + 3y (t) + cos(2t) = x (t)

c)

y [n] −
1

2
y [n− 1] = x [n] +

1

2
x [n− 1]

d)

y [n] −
1

2
y2 [n − 1] = x [n]
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I. INTEGRALS

∫
(at+ b)

2
dt =

1

3a
(at+ b)

3
+ c

∫
teat dt =

1

a
teat −

1

a2
eat + c

II. COMPLEX NUMBERS

Euler’s Identity

ejθ = cos(θ) + j sin(θ)

Cauchy’s integral

	

∫

C

z−1 dz = 1

	

∫

C

zn−1 dz = δ [n]

Consider contour integral

	

∫

C

F (z) dz

where

F (z) =
A

z− a
+

B

z− b
+

C1

z− c
+

C2

(z− c)
2
+ · · ·+ Cn

(z− c)
n

Here,a, b, andc are poles ofF (z) andc is a multiple pole.A, B, andC1 are called as residues of

F (z). The contour integral is equal to sum of these residues.

	

∫

C

F (z) dz = A+ B + C1

III. FOURIER SERIES
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Complex Fourier series for continuous-time signals.T0 is the period.

ak =
1

T0

t0+T0∫

t0

x (t) e
−j 2π

T0
kt
dt x (t) =

∞∑

k=−∞

ake
j 2π
T0

kt

Complex Fourier series for discrete-time signals.N is the period.

ak =
1

N

n0+N∑

n=n0

x [n] e−j 2π
N

kn x [n] =

k0+N∑

k=k0

ake
j 2π
N

kn

IV. FOURIER TRANSFORMS

Fourier transform for continuous-time signals

X (ω) =

∞∫

−∞

x (t) e−jωtdt x (t) =
1

2π

∞∫

−∞

X (ω) ejωtdω

Fourier transform for discrete-time signals

X (ω) =

∞∑

n=−∞

x [n] e−jωn x [n] =
1

2π

π∫

−π

X (ω) ejωndω

Fourier Transform Pairs.
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eatu (t)
F←→ 1

jω− a
, a < 0

−eatu (−t)
F←→ 1

jω− a
, a > 0

anu [n]
F←→ 1

1− ae−jω
, |a| < 1

−anu [−1− n]
F←→ 1

1− ae−jω
, |a| > 1

The duality property:

y (t)
F←→ Y (ω)

z (t) = Y (t)
F←→ Z (ω) = 2πy (−ω)

L denotes bi-lateral Laplace transform.UL denotes uni-lateral Laplace transform.

Bi-lateral Laplace transform

X (s) =

∞∫

−∞

x (t) e−stdt x (t) =
1

2πj

a+∞∫

a−∞

X (s) estds

Laplace Transform Pairs.
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eatu (t)
L←→ 1

s − a
, Re[s] > a

−eatu (−t)
L←→ 1

s − a
, Re[s] < a

VI. Z-TRANSFORM

Z denotes bi-lateral z-transform.UZ denotes uni-lateral z-transform.

z-Transform

X (z) =

∞∑

n=−∞

x [n] z−n x [n] =
1

2πj
	

∫

C

X (z) zn−1dz

z-Transform Pairs.

anu [n]
Z←→ 1

1− az−1
, ROC= |z| > |a|

−anu [−1− n]
Z←→ 1

1− az−1
, ROC= |z| < |a|

VII. LTI and causal systems

Solution of homogenous differential equation

y′′ (t) + ay′ (t) + by (t) = 0
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is

y (t) = C1e
s1t + C2e

s2t

s1 ands2 are roots of the characteristic equation

D2 + aD+ b = 0

and constantsC1 andC2 are determined from the initial conditions.

Solution of homogenous difference equation

y [n] + ay [n − 1] + by [n− 2] = 0

is

y [n] = C1α
n
1 + C2α

n
2

α1 andα2 are roots of the characteristic equation

D2 + aD+ b = 0

and constantsC1 andC2 are determined from the initial conditions.

Convolution integral

z (t) =

∞∫

−∞

x (λ)y (t− λ)dλ

If x (t) andy (t) are time limited functions you should specify integral interval(s) wherex (λ)y (t− λ) 6=

0.
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Convolution sum

z [n] =

∞∑

k=−∞

x [k]y [n− k]

VIII. APPROXIMATION OF CONTINUOUS-TIME SYSTEMS BY DISCRETE-TIME SYS-

TEMS

Backward-difference approximation

s =
1

T

(

1− z−1
)

Bi-linear transform

s =
2

T

1− z−1

1+ z−1

Frequency warping of bi-linear transform

ωt =
2

T
tan
(ωn

2

)

ωn = 2 arctan

(

T

2
ωt

)

Here,ωt is angular frequency of continuous-time signal andωn is angular frequency variable of

discrete-time signal.

ωn ≈ Tωt, when, ωt �
2

T
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QUESTIONS

Q1) (15 p)

a) Find the impulse response of the following linear time-invariant and casual system (by solving

the homogenous equation in time domain).

D2y (t) + 2Dy (t) + 5y (t) = x (t) .

b) Find the frequency response of the following linear time-invariant and casual system.

y [n] −
7

6
y [n − 1] +

1

3
y [n − 2] = x [n] .

Q2) (15 p)A continuous time signal;x (t) = u (t+ 1) −
3

2
u (t) +

1

2
u (t− 2) is given.

a) Plot the signal. b) Find the energy of the signal. c) Plotx

(

1−
t

3

)

.

Q3) (20 p) Find (test and describe clearly) the properties (linearity, time-invariance, causality,

memory, stability) of the following system. For testing stability and memory use the characteristic

equation or find the impulse response.

y [n] −
1

2
y [n − 1] = x [n] .

Q4) (15 p)Find the Fourier transform of the following signals.

a)x (t) = u (t+ 1) − u (t− 1), b) x (t) = e−|t| = e−tu (t) + etu (−t).

Q5) (14 p)Find the following convolutions.
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a)e−tu (t) ∗ e−2tu (t), b)

(

1

2

)n

u [n] ∗
(

1

3

)n

u [n].

Q6) (15 p)Transfer function of an LTI and causal system and its partialfractions are given as

H (s) =
s2 + 6

s3 − 2 s+ 4
=

1

s+ 2
+

2

s2 − 2s + 2
=

1

s+ 2
+

j

s − 1+ j
−

j

s − 1− j
.

a) What is the ROC ofH (s) ? b) Is the system stable ? c) Find the impulse response.

Give your answers clearly.

Another transfer function:

H (s) =
s2 − 2

s3 + 2 s+ 4
=

1

s+ 2
−

2

s2 + 2s + 2
=

1

s+ 2
+

j

s + 1− j
−

j

s + 1+ j
.

Q7) (14 p)

a) From multiplication of two unit length complex numbers;eja · ejb, derive the trigonometric

identities for cos(a+ b) and sin(a+ b) by using the Euler’s identity for each complex number.

eja · ejb = ej(a+b) .

d) Show thaty (t) = Ae−t cos(t+ θ) + (1− t)
2 is a solution for the following differential

equation.A andθ are determined by auxiliary conditions ony (t).

D2y (t) + 2Dy (t) + 2y (t) = 2t2 .

c) Find polar representations of the following complex numbers.
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1

2
+ j

√
3

2
, 0+ j, 1+ 0j, cos(2πfot) + j sin(2πfot).
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ANSWERS

A1)

a) The characteristic equation of the differential equation is

s2 + 2s+ 5 = 0 .

The roots of the characteristic equation

(s + 1)
2
+ 4 = 0 ⇒ (s+ 1)

2
= −4

(s+ 1) = ∓j2

s = −1∓ j2 .

s1 = −1− j2

s2 = −1+ j2 .

The impulse response is then,

y (t) = C1e
s1t + C2e

s2t, for t > 0

y (t) = 0, for t < 0 .

The constantsC1 andC2 should be determined from the initial conditions. Integrating the differ-

ential equation one and twice and evaluate the integrals in the interval of,0− ≤ t ≤ 0+ we obtain
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y (0+) andy′ (0+).

Dy (t) + 2y (t) + 5D−1y (t) = u (t)

y (t) + 2D−1y (t) + 5D−2y (t) = tu (t)

Evaluating the definite integrals in the second equation over [ 0−, 0+ ]

y (t)

0+
∣

∣

∣

0−

+2D−1y (t)

0+
∣

∣

∣

0−

+5D−2y (t)

0+
∣

∣

∣

0−

= tu (t)

0+
∣

∣

∣

0−

we gety (0+) = 0. We assume that the solution (impulse response) does not have any impulse at

the origin.

D−1y (t)

0+
∣

∣

∣

0−

≈ 0

D−2y (t)

0+
∣

∣

∣

0−

≈ 0 .

We also employ the causality property of the system:y (0−) = 0 andy′ (0−) = 0. Likewise,

evaluating the first equation over[ 0−, 0+ ]

Dy (t)

0+
∣

∣

∣

0−

+2y (t)

0+
∣

∣

∣

0−

+5D−1y (t)

0+
∣

∣

∣

0−

= u (t)

0+
∣

∣

∣

0−

yieldsy′ (0+) = 1. Then,

C1 + C2 = 0

s1 · C1 + s2 · C2 = 1
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The coefficients are computed as

C1 =
1

s1 − s2
= −

1

j4

C2 =
1

s2 − s1
=

1

j4
.

We replace these coefficients in the solution

y (t) = −
1

j4
e(−1−j2)t +

1

j4
e(−1+j2)t

=
1

2
e−t

(

−
1

j2
e−j2t +

1

j2
ej2t
)

=
1

2
e−t sin(2t)

The solution is then,

y (t) =
1

2
e−t sin(2t) u (t) .

b) We obtain Fourier transform of the both sides of the difference equation. To do this we employ

shifting property of the Fourier transform:F [ x [n− k] ] = e−jΩkX (Ω).

Y (Ω) −
7

6
e−jΩY (Ω) +

1

3
e−2jΩY (Ω) = X (Ω)

Y (Ω)

(

1−
7

6
e−jΩ +

1

3
e−2jΩ

)

= X (Ω)

Y (Ω)

X (Ω)
=

1

1−
7

6
e−jΩ +

1

3
e−2jΩ

= H (Ω) .

A2)

a)
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t

x (t)

-1

1

-1/2

2

b)

E =

∞∫

−∞

|x (t)|
2
dt =

0∫

−1

|1|
2
dt+

2∫

0

∣

∣

∣

∣

−
1

2

∣

∣

∣

∣

2

dt = 1 · 1+ 1

4
· 2 =

3

2
J .

c)

x (t) =






1, −1 ≤ t < 0,

−
1

2
, 0 ≤ t < 2,

0, elsewhere.

x

(

1−
t

3

)

=






1, −1 ≤ 1−
t

3
< 0, → 3 < t ≤ 6

−
1

2
, 0 ≤ 1−

t

3
< 2, → −3 < t ≤ 3

0, elsewhere.

t

x

(

1−
t

3

)

-3

-1/2

3

1

6

A3)

Linearity:

I. Additivity
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Input Output

x1 (t) −→ y1 (t)

x2 (t) −→ y2 (t)

x1 (t) + x2 (t) −→ y1 (t) + y2 (t)

y1 [n] −
1

2
y1 [n − 1] = x1 [n]

y2 [n] −
1

2
y2 [n − 1] = x2 [n]

+

(y1 [n] + y2 [n]) −
1

2
(y1 [n− 1] + y2 [n − 1]) = (x1 [n] + x2 [n])

II. Homogeneity

Input Output

x (t) −→ y (t)

αx (t) −→ αy (t)

α

(

y [n] −
1

2
y [n− 1]

)

= αx [n]

αy [n] − α
1

2
y [n − 1] = αx [n]

(αy [n]) −
1

2
(αy [n− 1]) = (αx [n])

Since both additivity and homogeneity are satisfied the system is linear.
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Time-invariance: The coefficients of the difference equitation does not change with time; they are

constant. Therefore the system is time-invariant.

Causality: It is known that output is zero for zero input for alinear linear system. A causal system

produces an output only when an input is applied; output is zero when the system is at rest. Recall

the definition of the causality,

x [n] =






0, n < k

x1 [n] , n ≥ k

y [n] =






0, n < k

y1 [n] , n ≥ k

From the definition of the causality it is seen that if the system is linear (satisfies zero output for

zero input) the system has to be causal too. In other words initial conditions of the difference

equation are all zero (y [n] = 0 for all n < k).

Memory : The system needs present value of the input (x [n]) and past value of the output (y [n − 1])

to generate its output.

y [n] =
1

2
y [n − 1] + x [n] .

The system should remember the past value;y [n− 1] at present timen. Therefore the system is

with memory.
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BIBO Stability: If |x [n]| < A, |y [n]| < B. Here,∞ > A, B > 0.

∣

∣

∣

∣

y [n] −
1

2
y [n− 1]

∣

∣

∣

∣

= |x [n]|

|y [n]| +
1

2
|y [n − 1]| ≤ |x [n]|

B +
1

2
B ≤ A

B ≤ 2

3
A

For bounded input (0 < A <∞), the output is also bounded (0 < B ≤ 2

3
A <∞). The system is

stable.

A4)

a)

X (ω) =

∞∫

−∞

x (t) e−jωtdt

=

1∫

−1

1 · e−jωtdt

= −
1

jω
e−jωt

1
∣

∣

∣

∣

∣

−1

= −
1

jω
e−jω +

1

jω
ejω

= 2
sin(ω)

ω
.
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Or,

F [x (t)] = F [u (t+ 1) − u (t− 1)] = F [u (t+ 1)] − F [u (t− 1)]

=

(

1

jω
+ πδ (ω)

)

ejω −

(

1

jω
+ πδ (ω)

)

e−jω

=
1

jω
ejω −

1

jω
e−jω + πδ (ω) ejω − πδ (ω) e−jω

= 2
sin(ω)

ω
+ πδ (ω) ej0 − πδ (ω) e−j0

= 2
sin(ω)

ω
.

b)

F [x (t)] = F
[

e−tu (t) + etu (−t)
]

= F
[

e−tu (t)
]

+ F
[

etu (−t)
]

=
1

1+ jw
+

1

1− jw
=

2

1+ω2

A5)

a)

e−t u (t) ∗ e−2t u (t) =

∞∫

−∞

e−λ u (λ) e−2(t−λ) u (t− λ)dλ

u (λ)u (t− λ) =






1, t ≥ 0 and0 ≤ λ ≤ t

0, t < 0 .
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∞∫

−∞

e−λ u (λ) e−2(t−λ) u (t− λ)dλ =

t∫

0

e−λ e−2(t−λ)dλ = e−2t

t∫

0

eλdλ

= e−2t eλ
t
∣

∣

∣

0

= e−2t
(

et − 1
)

= e−t − e−2t .

For all t,

e−t u (t) ∗ e−2t u (t) = e−t u (t) − e−2t u (t) .

b)
(

1

2

)n

u [n] ∗
(

1

3

)n

u [n] =

∞∑

k=−∞

(

1

2

)k

u [k]

(

1

3

)n−k

u [n− k]

u [k]u [n− k] =






1, n ≥ 0 and0 ≤ k ≤ n

0, n < 0 .

∞∑

k=−∞

(

1

2

)k

u [k]

(

1

3

)n−k

u [n− k] =

n∑

k=0

(

1

2

)k (
1

3

)n−k

=

(

1

3

)n n∑

k=0

(

3

2

)k

=

(

1

3

)n 1−

(

3

2

)n+1

1−
3

2

= −2

(

1

3

)n
(

1−

(

3

2

)n+1
)

= 3

(

1

2

)n

− 2

(

1

3

)n

.

For alln,
(

1

2

)n

u [n] ∗
(

1

3

)n

u [n] = 3

(

1

2

)n

u [n] − 2

(

1

3

)n

u [n] .

A6)

a) The poles of the transfer function ares = 1 − j ands = 1 + j. Since the system is causal the
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ROC is right side of the vertical line containing the rightmost pole(s) of the system function. Then

the ROC is Re[s] > 1.

b) The system is unstable because the ROC does not containjω axis.

c)

h (t) = j e(1−j)t u (t) − j e(1+j)t u (t)

= et
(

j e−jt − j ejt
)

u (t)

= 2et sin(t) u (t) .

h (t) grows ast increases. This is because the system is unstable. If the poles were located at the

left half plane of the complex planeh (t) would be decreasing; the system was stable.

A7)

a)

eja ejb = ( cos(a) + j sin(a) ) ( cos(b) + j sin(b) )

= cos(a) cos(b) − sin(a) sin(b) + j ( sin(a) cos(b) + sin(b) cos(a) ) .

eja ejb = ej(a+b)

= cos(a+ b) + j sin(a+ b) .
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Therefore,

cos(a+ b) = cos(a) cos(b) − sin(a) sin(b)

sin(a+ b) = sin(a) cos(b) + sin(b) cos(a) .

b)

y (t) = Ae−t cos(t+ θ) + (1− t)
2

Dy (t) = −Ae−t sin(t+ θ) −Ae−t cos(t+ θ) − 2 (1− t)

D2y (t) = 2A e−t sin(t+ θ) + 2

D2y (t) + 2Dy (t) + 2y (t) = 2t2

c)

1

2
+ j

√
3

2
= ejπ/3

0+ j = ejπ/2

1+ 0j = ej 0

cos(2πfot) + j sin(2πfot) = ej2πfot .
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Answer all the questions. Q1, Q6, Q7 are 10p, others are 15p.

Exam time : 90 min.

QUESTIONS

Q1) Find the frequency response of the following linear time-invariant and casual system.

D2y (t) + 5Dy (t) + 6y (t) = x (t) .

Q2) Output of an LTI and causal system isy [n] = 2

(

2

3

)n

u [n] −

(

1

3

)n

u [n] for input

x [n] =

(

2

3

)n

u [n]. Find the impulse response of the system.

Q3) Plot continuous time signal;x (t) = (t+ 1)u (t+ 1)−4u (t− 1)−(t− 3)u (t− 3). (Find

the behavior ofx (t) for each time interval oft < −1, −1 < t < 1, 1 < t < 3, andt > 3).

Q4) Find the Fourier transform ofx (t) = te−tu (t). Use the following Fourier transform property.

F [t x (t)] = j
d

dω
X (ω) .

Q5) Find the Fourier transform ofx [n] =

(

1

2

)|n|

=

(

1

2

)n

u [n] + (2)
n
u [−n − 1]. Recall that:

−1∑

n=−∞

αn =
1

α− 1
, |α| > 1

∞∑

n=0

αn =
1

1− α
, |α| < 1 .

Q6) Find the convolution;2t e−2tu (t) ∗ e−2tu (t).
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Q7) Find the convolution;n

(

1

2

)n

u [n] ∗
(

1

2

)n

u [n]. Remember that

N∑

n=1

n =
N (N+ 1)

2
.

Q8) Transfer function of an LTI and causal system and its partial fractions are given as

H (s) =
1

s3 + 4s2 + 5s + 2
=

1

s+ 2
−

s

s2 + 2s + 1
=

1

s+ 2
−

1

s + 1
+

1

(s + 1)
2
.

a) What is the ROC ofH (s) ? b) Is the system stable ? c) Find the impulse response.

Give your answers shortly and clearly. Recall that

L
[

te−at u (t)
]

=
1

(s+ a)
2
, Re[s] > −a .

Q9) Transfer function of an LTI and causal system and its partial fractions are given as

H (z) =
z2

z2 −
7

6
z +

1

3

=
4z

z−
2

3

−
3z

z−
1

2

.

a) What is the ROC ofH (z) ? b) Is the system stable ? c) Find the impulse response.

Give your answers shortly and clearly.
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Some other questions

Q1) Impulse response of an LTI and causal system with a transfer function of

H (s) =
s + a

(s+ a)
2
+ b2

is

h (t) = L−1 [H (s) ] = e−at cos(b)u (t) .

Explain shortly and clearly where and why the poles of the transfer should be located in ? Use the

absolute integral of the impulse response;

∞∫

−∞

|h (t)|dt =

∞∫

0

e−at |cos(b)|dt ≤
∞∫

0

e−atdt .

and/or, lim
t→∞

h (t).

Q2) An LTI causal system is given as

y [n] −
1

2
y [n− 1] = x [n] +

1

3
x [n − 1] .

Transfer function of this system is

H (z) =
1+

1

3
z−1

1−
1

2
z−1

= −
2

3
+

5

3

1

1−
1

2
z−1

.

And the impulse response is

h [n] = −
2

3
δ [n] +

5

3

(

1

2

)n

u [n] .
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The inverse system of this system isG (z) = 1/H (z). a) Find difference equation of the inverse

system. b) Find the impulse response of the inverse system.

Q3) Find the residues of the following functions.

F1 (z) =
z2 − 2

z3 − 4 z2 + 5 z− 2

and

F2 (z) =
z

z2 − 3z+ 2

Q4) Find the following limit.

lim
t→∞

e(a+jb) t

Q5) Find the solution of the following differential equation.

Dy (t) + 2y (t) = (−2 sin(t) + 2 cos(t))u (t) , y (0+) = 0 .

Q6) Find the solution of the following difference equation.

y [n] −
1

2
y [n − 1] =

1

3
y [n]u [n] , y [0] = 1 .

Q7) Find the the following sum.
3∑

n=0

(√
2+ j

√
2
)n

Sami Arıca —DRAFT— PAGE 190 of 190


