
EEE 314 Signals and Systems Midterm Exam II SPRING TERM, May 09, 2013

Instructions Answer all questions. Give your answers clearly. Do not leave mathematical
operations incomplete (do not skip intermediate operations and obtain the possible simplest
form of the results). Calculator and cell phone are not allowed in the exam. Each question is
worth 20 points. Time 120 minutes.

1 2 3 4 5 6 TOTAL

QUESTIONS

Q1) Find and plot y (t) = x (−t/2 + 1)− x (t/2 + 1) for the following signal.

1

−1

1 2−1−2

3/21/2
t

x (t)

Q1

Q2) Find the convolution; x (t) = 2 cos (t) ∗ e−tu (t).

Q3) a) Compute Fourier transform of x (t) = 2 cos (t)u (t) ∗ e−tu (t).
b) Obtain inverse Fourier transform of

X (ω) =
1

(jω + 2)
[

(jω)2 + 2jω + 1
]

Q4) Find a) the frequency response, b) the impulse response of the following LTI-causal system.

y′′ (t) + 2y′ (t) + 5y (t) = x (t)− x′ (t)

Q5) Find (bi-lateral) Laplace transform of the signal; x (t) = 2e−t cos (t)u (t)+3e2tu (−t) (spec-
ify and show the region of the convergence in the complex plane).

Q6) A series RLC circuit is given in the following. Consider that the state-variables for this
circuit is the inductor current iL (t) and the capacitor voltage vC (t). Obtain the state-form of
the input-output relation (the matrix-form of the state-equations) of this system.

Follow these steps:
a) Find v′C (t) from the current-voltage relation of the capacitor.
b) Extract i′L (t) using Kirchhoff’s voltage law.
c) The output is easily is obtained from the sate-variables by employing Kirchhoff’s voltage law:
y (t) = x (t)−RiL (t).
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5 ΩiL (t)

1 H

1/4 FvC (t)

−
+

x (t) y (t)

Q6

ANSWERS

A1)
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1

−1

1 2 3 4−1−2−3−4−5
t

x (−t/2 + 1)

1

−1

1 2 3 4−1−2−3−4−5
t

x (t/2 + 1)

1

−1

1 2 3 4−1−2−3−4−5
t

y (t)

A1

A2)

ejω0t ∗ h (t) = ejω0t

∞̂

−∞

h (λ) e−jω0λdλ = ejω0tH (ω0)

x (t) = 2 cos (t) ∗ e−tu (t) =
(

ejt + e−jt
)

∗ e−tu (t)

= ejt ∗ e−tu (t) + e−jt ∗ e−tu (t)

= ejtH (1) + e−jtH (−1)
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H (ω) = F
[

e−tu (t)
]

=
1

1 + jω

H (1) =
1

1 + j

H (−1) =
1

1− j

x (t) = ejt
1

1 + j
+ e−jt 1

1− j

= ejt
1− j

2
+ e−jt 1 + j

2

=
1

2

[

ejt + e−jt
]

− 1

2
j
[

ejt − e−jt
]

= cos (t) + sin (t)

A3) a) From the convolution property of the Fourier transform we can write
X (ω) = 2F [ cos (t)u (t) ] · F

[

e−tu (t)
]

.

F [ cos (ω0t)u (t) ] =
π

2
[ δ (ω − ω0) + δ (ω + ω0) ] +

jω

ω2
0 − ω2

F [ cos (t)u (t) ] =
π

2
[ δ (ω − 1) + δ (ω + 1) ] +

jω

1− ω2

F
[

e−atu (t)
]

=
1

a+ jω

F
[

e−tu (t)
]

=
1

1 + jω

X (ω) = 2 ·
[

π

2
δ (ω − 1) +

π

2
δ (ω + 1) +

jω

1− ω2

]

· 1

1 + jω

=
π

1 + j
δ (ω − 1) +

π

1− j
δ (ω + 1) +

jω

1− ω2

1

1 + jω

b)

X (ω) =
1

(jω + 2)
[

(jω)2 + 2jω + 1
]

=
1

(jω + 2) (jω + 1)2

=
A

jω + 2
+

B

jω + 1
+

C

(jω + 1)2
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A = lim
jω→−2

(jω + 2)X (ω) = lim
jω→−2

1

(jω + 1)2

=
1

(−2 + 1)2
= 1

C = lim
jω→−1

(jω + 1)2 X (ω) = lim
jω→−1

1

jω + 2

=
1

−1 + 2
= 1

B = lim
jω→−1

d

d (jω)
(jω + 1)2 X (ω) = lim

jω→−1
− 1

(jω + 2)2

= − 1

(−1 + 2)2
= −1

X (ω) =
1

jω + 2
− 1

jω + 1
+

1

(jω + 1)2

F−1 [X (ω) ] = F−1

[

1

jω + 2

]

−F−1

[

1

jω + 1

]

+ F−1

[

1

(jω + 1)2

]

x (t) = e−2tu (t)− e−tu (t) + te−tu (t)

A4) a)

y′′ (t) + 2y′ (t) + 5y (t) = x (t)− x′ (t)

F [ y′′ (t) + 2y′ (t) + 5y (t) ] = F [ x (t)− x′ (t) ]

F [ y′′ (t) ] + 2F [ y′ (t) ] + 5F [ y (t) ] = F [ x (t) ]−F [x′ (t) ]

(jω)2 Y (ω) + 2jωY (ω) + 5Y (ω) = X (ω)− jωX (ω)

H (ω) =
Y (ω)

X (ω)

=
1− jω

(jω)2 + 2jω + 5

b)

H (ω) =
1− jω

(jω)2 + 2jω + 5

=
1− jω

(jω + 1− 2j) (jω + 1 + 2j)

=
A

jω + 1− 2j
+

B

jω + 1 + 2j
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A = lim
jω→−1+2j

(jω + 1− 2j)H (ω) = lim
jω→−1+2j

1− jω

jω + 1 + 2j

=
1− (−1 + 2j)

−1 + 2j + 1 + 2j
=

2− 2j

4j

= −1

2
− 1

2
j

B = lim
jω→−1−2j

(jω + 1 + 2j)H (ω) = lim
jω→−1−2j

1− jω

jω + 1− 2j

=
1− (−1− 2j)

−1− 2j + 1− 2j
=

2 + 2j

−4j

= −1

2
+

1

2
j

h (t) = F−1 [H (ω) ]

= F−1

[

A

jω + 1− 2j
+

B

jω + 1 + 2j

]

= AF−1

[

1

jω + 1− 2j

]

+B F−1

[

1

jω + 1 + 2j

]

= Ae−(1−2j)t u (t) +Be−(1+2j)t u (t)

= −
(

1

2
+

1

2
j

)

e−(1−2j)t u (t)−
(

1

2
− 1

2
j

)

e−(1+2j)t u (t)

= −e−t u (t)
1

2

[

e2jt + e−2jt
]

+ e−t u (t)
1

2j

[

e2jt − e−2jt
]

= e−t [ sin (2t)− cos (2t) ] u (t)
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A5) x (t) = 2e−t cos (t)u (t) + 3e2tu (−t)

L
[

e−at cos (bt) u (t)
]

=
s+ a

(s+ a)2 + b2
, Re [s] > −a

L
[

e−t cos (t)u (t)
]

=
s+ 1

(s+ 1)2 + 1
, Re [s] > −1

L
[

−e−atu (−t)
]

=
1

s+ a
, Re [s] < −a

L
[

e2tu (−t)
]

= − 1

s− 2
, Re [s] < 2

X (s) = 2
s+ 1

(s+ 1)2 + 1
− 3

1

s− 2
, −1 < Re [s] < 2

= − s2 + 8s+ 10

(s2 + 2s + 1) (s− 2)

= −
(

s+ 4 +
√
6
) (

s+ 4−
√
6
)

(s2 + 2s+ 1) (s− 2)
.

1

−1

−2

1 2−1−2−3−4−5−6−7
Re

Im

A5. The region of convergence.

A6) a)

iL (t) =
1

4

d

dt
vC (t)

v′C (t) = 4iL (t)

b)

−x (t) + 5iL (t) + 1 · d

dt
iL (t) + vc (t) = 0

−vc (t)− 5iL (t) + x (t) = i′L (t)
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c)

y (t) = x (t)− 5iL (t)

The state-form is as follows.




v′C (t)

i′L (t)



 =

[

0 4
−1 −5

]

·
[

vC (t)
iL (t)

]

+

[

0
1

]

· x (t)

y (t) =
[

0 −5
]

·
[

vC (t)
iL (t)

]

+ x (t)
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